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Chapter 0

Introduction to TKT4196

In this first chapter of TKT4196 - Aspects of Structural Safety, a general overview of the course
is given. After going through the practical and organisational aspects related to the course imple-
mentation, we will have a brief discussion on the role of safety aspects in structural engineering
and in civil engineering in general. This chapter is meant to be a soft and “not too technical”
start to the course and to the topic.

1. Organization basics

Contacts
Responsible lecturer: Jochen Kohler jochen.kohler @ntnu.no
Tutors: Ramon Hingorani ramon.hingorani @ntnu.no
Student assistants: Jonas Nordbg jonanord @stud.ntnu.no

Andreas H. Asheim andreas.h.asheim @ntnu.no

Lectures and Exercises

The main language of the course is English. The lectures will be given in English and the written
material and suggested literature is in English. The lecturers masters Norwegian to some degree
and the students are very welcome to ask questions and start discussion in Norwegian.

Timing and location:

Mondays 10.15-12.00 RI10
Mondays 12.15-14.00 Landmaélerhallen
Fridays  08.15-10.00 Landmaélerhallen

The lectures run from week 34 - 47. The first lecture is taking place on Monday, August 23,
at 10:15 in room R10. It is recommended that the students are present, both, physically and
mentally in all the announced classes. The lecture and exercises will be held in compliance with
the official NTNU policies and procedures in regard to the COVID-19 situation.
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Section: Learning strategy TKT4196 - Aspects of Structural Safety

Compulsory problem tasks

Three exercises must be delivered and accepted in order to be allowed to take the exam. The
exercises will be graded and the cumulative grade counts 1/3 to the final character. Solutions
will be published and presented during exercise classes.

The problem tasks will be solved and documented in groups by 3-5 students.
Exercises hand in: directly in the lecture or electronically following the lecture program and
announcements.

Exam

The exam time and place will be announced in due time. It will be an oral exam with a duration of
approximately 30 minutes. The exam is normally held in norwegian but english is also possible,
of course. The grade counts 2/3 to the final character.

2. Learning strategy

One of the important premises of this course (and in general) is that learning will be achieved
solely by the students themselves and this requires corresponding commitment. The successful
participation of this course gives 7.5 credit points and it is expected that an average student has
to work 10 hours per week for this course in order to reach an average grade. (Note that this rule
holds generally for all courses with a corresponding number of credits).

Learning is facilitated by proper supervision and teaching. For this course the concept in-
cludes five major components. As a rule of thumb, 2 hours/week should be invested for each of
the components.

1. Compendium: An accompanying compendium, which this chapter is a part of, is avail-
able to the students. It is divided into chapters for the different learning topics of the
course. Each chapter is divided into three sections: 1. Theoretical aspects, 2. Applica-
tion examples and 3. Practical exercises. 1. Theoretical aspects covers the content of the
lectures. The material of some chapters is introduced during several lectures. 2. Applica-
tion examples covers some applications of the theory, including the solution. These will
be discussed during the exercise classes. 3. Practical exercises include some additional
exercises, without the solutions, that the students should solve during the practical classes.

2. Lectures: All content of this course will be transmitted in the lectures. The theoretical
concepts will be illustrated by examples. The lectures are oral and will be supported by
blackboard demonstration and overhead slides. The Students are asked to follow actively
the lectures and rise questions if something is unclear. An open dialog in the lecture will
clearly increase the quality of the lecture. Keep in mind that no questions are “stupid”
and that many other students may benefit from answering the same question. It is strongly
recommended to make comprehensive notes during the lectures.

3. Exercise classes: In the exercise classes, the application examples will be demonstrated
and discussed. Vital participation of the students (in terms of questions and comments) is
absolutely required.
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Chapter 0. Introduction to TKT4196

4. Practical classes: It is very important that the new obtained knowledge becomes an ex-
ecutable part of the students’ skills. We will therefore spend some time on “hands-on”
practical classes where students try to implement gained knowledge and understanding in
practical problems. These exercises are largely based on the application examples. The
main difference is that the solutions will not be provided beforehand. This brings an op-
portunity to the students to test the understanding of the course material avoiding any
“narrative falacy”: exercises seem easier and more logical after the solution is given, but
this cancels the student’s creativity to think for herself on different ways how to answer a
question. We will use some IT-tools for that (e.g. Python or Excel) and students should
work in groups on their own computers. The classes will be tutored.

5. Self-study: Students are expected to constantly revise the current course material and read
additional literature as it will be given in the lectures.

3. Literature & Standards

The following literature is recommended for further reading. Special chapters of some of the
books will be defined as pensum during the lecture.

Reliability Basics | [1] Schneider J., 2006. Introduction to safety and reliability of
structures. [Ziirich] International Association for Bridge and
Structural Engineering. [Available on Blackboard].

Reliability [2] Melchers R. E., Beck A.T., 2017. Structural Reliability Analysis and Prediction.
Further Reading | Wiley.

Structural Codes | [3] Gulvanessian, H; Formichi, P; Calgaro, J. A 2009. Designers’ guide
to Eurocode 1: EN 1991-1-1 and -1-3 to -1-7, Actions on buildings / H.
Gulvanessian, P. Formichi and J.-A. Calgaro [ebook at NTNU Library].
[4] Standard — EN 1990, Eurocode: Basis of structural design [via
Standard Norge at NTNU Library].

[5] Standard — EN 1991, Eurocode 1: Actions on structures [via
Standard Norge at NTNU Library].

Uncertainty [6] Benjamin, J. R. and C. A. Cornell (1970). Probability, Statistics, and
Modelling Decision for Civil Engineers.
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Section: Rationale of the course TKT4196 - Aspects of Structural Safety

4. Rationale of the course

Civil Engineers play and will play an important role in our society. Many current and future
challenges, as related to the efficient management of (limited) financial and natural resources
or the appropriate mitigation to the possible effects of climate change, are closely related to the
build environment and require good civil engineering. As the challenges will become bigger,
the demand for new and innovative solutions, i.e. well beyond traditional engineering practice,
will increase. The role of future civil engineers is very nicely defined by the American Society
of Civil Engineers (ASCE)' as a professional who is”:

“Entrusted by society to create a sustainable world and enhance the global quality of life,
civil engineers serve competently, collaboratively, and ethically as master:

planners, designers, constructors, and operators of society’s economic and social engine,
the built environment;

* stewards of the natural environment and its resources;

* innovators and integrators of ideas and technology across the public, private, and aca-
demic sectors;

* managers of risk and uncertainty caused by natural events, accidents, and other threats;
and

* leaders in discussions and decisions shaping public environmental and infrastructure pol-
icy.

As used in the vision, “master” means one who possesses widely recognized and valued
knowledge, skills, and attitudes acquired as a result of education, experience, and achievement.
Individuals within a profession who have these characteristics are willing and able to serve
society by orchestrating solutions to society’s most pressing current needs while helping to create
a more viable future.”

Many will agree that proper university education in the field of civil engineering develops a
good understanding of the basic principles in science (being Mathematics, Physics, Applied Me-
chanics, and Chemistry) combined with good understanding of the practical engineering prob-
lems at hand. This combination of fundamentals and practical implications is very well reflected
in the current study curriculum for “Bygg- og miljgteknikk™” at NTNU, i.e. with fundamental
classes and more practical classes for the individual study directions (that take up fundamentals
and make them executable for practical engineering applications).

The understanding of uncertainty, risk and safety is an essential skill for civil and structural
engineers. A basic and central reality of practical civil engineering is the fact that our world
(especially the future side of it) is not exactly known but can be estimated or predicted by taking
into account the uncertainties that are associated to this incomplete knowledge. Safety related

'ASCE is the permanent organization representing the civil engineering profession in the United States.
http://www.asce.org/

ZPart of “ASCE - Civil Engineering Body of Knowledge for the 21st Century. Preparing the Civil Engineer for
the Future” LINK
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Chapter 0. Introduction to TKT4196

engineering decisions must take into account uncertainties and risks. Every responsible engi-
neer should have at least basic knowledge on how to treat uncertainties in practical engineering
problems and understand the background of the generally used regulations and design standards.

This course aims at the procurement of basic knowledge in the topics uncertainty represen-
tation, risk and safety and makes students develop a new mind-set expendable for interpreting all
kinds of engineering problems. (Expert knowledge might be attained by specializing in master
or PhD projects).

5. Course content

The course will develop basic knowledge, understanding and practical skills. The course
content is organized in different thematic main blocks:

Optimization and Acceptance. Evaluation of funda-  ewected
mental risk based performance criteria. An objective
function for engineering structures is developed. It is

~ Total cost

discussed how human safety can be incorporated. It

=
g Mitigation cost

is seen that the structural failure probability is of par- — .
optimal risk |- — — — — ; _ Risk (Damage cost)
ticular interest.

- d Iternative (a)
Optimal decision ecision afternative (a

Methods for structural reliability assessment. Dif- %
ferent methods for the estimation of the structural fail- |
ure probability are introduced. The methods facili-
tate a realistic representation of structural engineering

! -“"1;' 5P X L0

problems, however, we will learn that a proper engi- | “ow o
) [ AT

o Failure region

neering uncertainty representation is necessary.

L

Basic engineering uncertainty modelling. It is | oo - l
demonstrated how uncertainties can be represented | *** N
C. for different relevant phenomena. Practical methods |*** JANY

. . . Q004 r"l "'\.
are introduced to represent material resistance and

time varying loads. - e \

Standards and code calibration. The methodical 2=
D. basis of structural codes is introduced and the general
background of the overall safety concept is examined.
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Section: Safety - a requirement for structures TKT4196 - Aspects of Structural Safety

6. Safety - a requirement for structures

The built environment, i.e. infrastructural elements, industrial buildings and facilities as well
as residential buildings, constitutes the basis for our economy and the continuous development
of our society. In this respect structures play an important role, since the primary purpose of
structures is to provide the functionality of the built environment. That structures are safe is an
important premise for the success of our society, and structural safety is clearly a basic require-
ment of the society.

Correspondingly, structural safety is a requirement that is defined in legislation on several
hierarchical levels — structures have to be safe by law. In Norway a general safety requirement
can be found in the ”Plan og Byggningsloven” (§29.5); more detailed prescriptions for safety
are found in ”Byggteknisk forskrift (TEK17)’, Chapter 5 on "Konstruksjonssikkerhet”. Here
one can read:

”Byggverket skal plasseres, prosjekteres og utfpres slik at det oppndas tilfredsstillende sikker-
het for personer og husdyr, og slik at det ikke oppstar sammenbrudd eller ulykke som fprer til
uakseptabelt store materielle eller samfunnsmessige skader.”

Several formal definitions of safety exist and accordingly, safety is used as absolute or relative
characteristic in our regular language use. (“It is safe to use air traffic” is an absolute statement;
“Air traffic is safer as car traffic” is a relative statement). In the context of structural engineering
the following definition can be found in ISO 2394:2015°:

Structural safety: “ability of a structure or structural member to avoid exceedance of ultimate
limit states®, (... ), with a specified level of reliability, during a specified period of time.”

Remembering that structural reliability per time unit is defined as the complement of failure
probability of structural failure per time unit; structural safety is an absolute description for
situations where the probability of failure per time unit is sufficiently low.

Q UESTIONS: What further structural requirements does “safety” include? What require-

ments are independent from safety?

(space for your notes)

Attaining structural safety

Structural engineers are responsible that structures are safe. Structural engineers therefore
make proper decisions during the entire life-cycle of the structure. The typical phases of the
life-cycle of civil engineering infrastructure are illustrated in Figure 1.

For decision making, structural engineers take into account information e.g. about:

31SO 2394:2015: General principles on reliability for structures.
“The exceedance of an ultimate limit states corresponds e.g. to structural failure.
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Chapter 0. Introduction to TKT4196

Planning &
Feasibility Study

Investigation
and Tests

Idea & Concept

Design

Decommissioning

Operation & - /

Maintenance = Execution

Figure 1: The life-cycle of engineering structures.

* Traffic volume

* Loads

» Resistances (material, soil, ...)
* Degradation processes

* Service life

* Manufacturing costs

* Execution costs

* Decommissioning costs

As a matter of fact, the information that has to be integrated is associated with uncertainties.
Thus, the uncertainties have to be taken into account in the decisions that are made in the life-
cycle of the structure.

The activities and the decision making of structural engineers are very well illustrated in the
Swiss structural standard SIA 260 with the graph presented in figure 2. Here, a structure is
defined by its service criteria and the environment it is embedded into. The structure then has
the following phases during its life cycle:

* design
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Section: Safety - a requirement for structures TKT4196 - Aspects of Structural Safety

e execution
* use
e conservation

* decommissioning

Q UESTION: What are examples for typical decisions that are made during the life-cycle
of a structure? What is uncertain for these decisions?

(space for your notes)

In this course we will focus on the design phase of the structure. In figure 2 the design phase
is further subdivided into “conceptual design”, “structural analysis” and “dimensioning”.

In conceptual design a structural concept is developed that is best to meet the requirements
to the structure, i.e. in regard to the intended societal activity that should be supported by the

structure these are requirements in regard to
* space and shelter created by the structure,
* requirements on limitation of vibrations and deflections (serviceability),
* requirement on the durability of the structure and the intended service-life,

* safety, i.e. preventing damage, loss of functionality, damage to the environment and to
personnel,

cost efficiency.

In the conceptional design phase, major decision are made in regard to principle structural lay-
outs and material use. Build-ability is always a very important aspect here.

Structural analysis is intended to create a link between the external loads on the structure
and the corresponding structural response in terms of stresses, deformations and deterioration.
Mechanical models (analytical and numerical) are utilized and structural analysis is generally
performed at a rather high level of modelling detail.
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For structural dimensioning the structural dimensions are chosen such that the structure
complies with some specified limit states regarding safety and serviceability. The compliance is
demonstrated for several load scenarios (“design situations”).

In general it can be observed that the effort and level of detail is not consistently distributed
among the different steps of structural design: Whereas a lot of attention is attributed to structural
analysis, rather rudimentary criteria are used in dimensioning.

environment construction works documents
construction works / structure e critar
service criteria service criteria agreement
design
;::lml ! requirements integration and configuration
gn economy
robustness
structural safety - reliability - serviceability
durability
I
conception design boundary conditions
|
hazard scenarios - design al - service si
structural concept design basis
structural analysis
actions structural model action-effects
- mechanical | geometrical properties | - stresses, reactions
- other physical I - deformation,
- chemical — displacement
- biological | analytical model | e i
I depending on the
| construction material and ground properties | type of structure
mechanical calculations
dimensioning
relevant hazard scenarios | | relevant service situations |
I [
dimensioning situations - persistent
'"”_';':"' 1 reports, overall and detailed plans,
| ~acddenta material schedules, cost estimate,
— meeting minutes
limit states structural safety serviceability
- overall stability - functionality
- ultimate load bearing capacity - comfort
- fatigue resistance - appearance
I
detailing
technical report
execution preparation for construction tender do.cu ments
protection and security measures - construction work - methods of construction construction documents
construction inspections construction inspection plan
acceptance
record of construction
use commissioning
design working live service lnstrucﬂon_s
decommissioning operation instructions
conservation monitoring plan
monitoring | i 1ce plan
- observation maintenance |
- inspection
- measurement reports, plans, minutes
instant safety measures | selection and planning of safety measures H repair |
examination
- condition survey
- condition evaluation —‘ modification
- effect of measures
n removal measur
decommissioning report on removal measures

Figure 2: Schematic representation of structural engineering activities.
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7. Summary

In this first lecture notes some organization information is shared. The contents and ob-
jectives of the course are defined and an initial approach to the term “safety” is given. It is
demonstrated that the information that is necessary for structural engineering decisions is un-
certain, and that this uncertainty has to be taken into account by the structural engineer when
evaluating safety, i.e. the probability of failure has to be quantified.

But how safe is safe enough? This question will be followed up in the next lectures.
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Chapter 1

Structural optimization

It is demonstrated how a simple structure can be designed in order to minimize the risk. The op-
timization could be the foundation for identifying sufficiently low failure probabilities. However,
it should be critically assessed whether the optimality criterion is adequate for that.

The aspects of net present value are introduced. The simple optimization example is general-
ized and the infinite renewal assumption is introduced and discussed. Aspects that go beyond
monetary optimization are argued and an acceptance criteria for life safety is introduced and

discussed.

1. Theoretical aspects

1.1. Introduction

In the Chapter 0, a safe structure was defined as a structure with sufficiently low failure prob-
ability per time unit. We will now elaborate on the question “how safe is safe enough?”.

How safe is safe enough?

The question “how safe is safe enough?” is clearly related to the term sufficiently low failure
probability in the definition above, i.e. to the meaning and quantification of sufficiently low.

Let us first look at the requirements for structures again'. Safety is an overall requirement,
but which further requirements does this include? Structures are used by people in many ways
(residents in buildings, car drivers on bridges, workers on offshore platforms). The risk to life
and limp induced by these structures should be sufficiently low. Furthermore, structures should
not endanger the qualities of the natural environment excessively. And, it has to be considered
that a large proportion of the societal wealth is invested into the development and maintenance
of structures as a key part of the build environment.

In summary, structures have to fulfil the following requirements?:

'Note that the functionality of the structure is THE basic requirement, since providing functionality for societal
activities is the reason for creating structures. Functionality might include a multitude of further requirements like
aesthetics, etc. However, in the present context we are primary interested in the requirements related to the load
bearing behaviour of structures.

?In regard to the load bearing behaviour.

11



Section: Theoretical aspects TKT4196 - Aspects of Structural Safety

1. Safety of personnel
2. Safety of the environment

3. Cost effectiveness

Let’s look at the third requirement first. Cost effectiveness might be assessed with a cost-
benefit analysis, i.e. where the expected benefit of the structure is maximized, or, the expected
cost of the structure is minimized.

1.2. Optimization

We will approach this topic by introducing a practical example. Consider the following task
that could have given to you in connection to a consulting project:

You have to design a beam that has to span [ = 10 m and has to carry a load () . The
material that is available is glued laminated timber (Glulam) and the cross-section is specified
to be rectangular with a width of b = 300 mm and height h.

For a project like this, you would work through the following steps:

1. Conceptual Design: this step includes the definition of the requirement for the structure and
the setup of the structural concept. Requirements: after a careful discussion with the client
it is specified that neither people nor environment are endangered by a possible failure of this
structure. Thus the requirement is defined to be cost effectiveness only. The functionality does
not require any permissions on deflection. Structural failure is the scenario that leads to conse-
quences. The service period of the structure is specified to be 50 years.

Structural concept: You might choose simple support instead of fixed support due to eco-
nomic reasons. (a moment resisting support is more expensive).

2. Structural analysis: in this phase, the loads are specified and the load effects and the load
bearing capacity are estimated.

The load is given in this project to be a uniform distributed load that is represented by its 50
years maximum value (). The material property of interest in this case is the bending strength
of the Glulam F},, . The situation is illustrated in Figure 1.1.

[

Figure 1.1: Beam geometry.

The maximum effect of the load S is the bending moment at mid-span that is given with
QI? /8. The elastic bending load bearing capacity of the rectangular cross-section R is F},,bh? /6.
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Chapter 1. Structural optimization

3. Dimensioning: in this phase, limit states are formulated. Limit states are equations that
describe events like, “failure” or “excessive deflection” that are relevant in regard for the de-

scription of requirements to the structure. Structural failure, for example, is defined as the event
when the load on a structure is larger than its load bearing capacity, or the difference between the
load bearing capacity and the load becomes negative. The corresponding limit state is general
referred to as Ultimate Limit State (ULS) and for this example expressed as:

2 2
g(R,S)ZR—Sz(b%)Fm—<%)QSO (1)

The limit state equation contains different variables, some of them are uncertain or random, as

Q, F,,,, some of them are given or can be controlled, as [, b, h. We can now formulate the failure
probability or the reliability index /3 as a function of the design choice h (we have chosen h
as being the most effective design variable). If we assume that () and F;,, are represented as
independent and both normal distributed random variables, the reliability index corresponding
to a 50 years period® can be assessed as a function of h using Eq. (1.2):

2
15, - Dh? /6 — pg - 3

B(h) = pr(h) — ps

ENCAOET \/(UFM s (UQ % >

(1.2)

Mean value and standard deviation for the two random variables are given as in Table 1.1.
Based on this and remembering that the failure probability is related to the reliability index as
Py = ®(—f), we can graphically represent the relation of / to the failure probability and to the
reliability index correspondingly, cf. Figure 1.2. As it can be seen, a functional relationship be-
tween the design variable h and the failure probability can be established. However, the question
remains how it can be decided what failure probability is sufficiently low.

Table 1.1: Representation of load and resistance. The coefficient of variation Vx is defined as
VX =0x / MHx.

Variable Distribution | Ch. value | ux Vx

E, Normal 20 MPa 26.6 MPa 0.15

Q Normal 39.4 N/mm | 24.1 N/mm 0.30

R=Wuyf. | Normal Weaps,, = 1330h° Nmm 0.15
? ?

S = (g) Q | Normal (§> po = 301.25 - 10° Nmm | 0.30

1.2.1. Identification of the optimal decision by minimizing expected costs

If cost effectiveness is taken as a criterion, as in this example, the optimal choice of A can be
identified by minimizing the expected costs of the structure. The following costs are considered.
The parameter values, units and symbols are summarized in Table 1.2.

3Note that in the entire example the reference period for the reliability index and the failure probability is 50
years.
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& 107
0 . 10—10 .
500 1000 1500 500 1000 1500
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Figure 1.2: Reliability index 3 (left) and probability of failure Py (right) as a function of h.

Table 1.2: Assumed values and relations.

Variable Symbol | Value, relations and units
Cost of timber Cotutam | 4,000 NOK/m?

Beam length l 10,000 mm

Fixed construction costs Co 50,000 NOK

Variable construction costs coefficient | C b1l couiam

Indirect costs of failure H THC, - Co =20 - Cy

* Construction costs: These are the costs for implementing the structure. It covers transport
and installation cost but also the material cost of the structural element. Correspondingly,
the construction costs consist of a part depending on the chosen beam height and a fixed
part Cj (that is independent from the chosen height £).

The construction cost is a function of h, i.e. the possible decision alternatives for risk
reduction. See Eq. (1.3).

Cconst'r' (h) - C’0 + [- CglulamAs - C’O + [- Cglulam(b : h) - C’0 + th (13)

* Expected failure costs: The failure costs include the costs for re-installing the structure
after failure, i.e. the construction costs. Additionally a cost term H is introduced. H
contains all failure costs beyond the pure re-installation costs, e.g. damage to equipment,
cleaning costs, downtime of services that are supported by the structure, etc. The failure
cost is multiplied with the probability of failure in order to express the expected failure
cost. Note that another term for the expected failure cost would be Risk.

E [Cf,ULS] (h) = CﬁULS(h) ’ Pf(h) - [Cconstr(h) + H] ) Pf(h) (1.4)

* Objective function: The objective function to be minimized represents the total expected
costs, cf. Eq. (1.5). The minimum is identified subject to h (the decision variable) and
represents the optimal balance between investments into the structure and the expected
adverse consequences.
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Chapter 1. Structural optimization

E [Ctot] (h) = Ceonstr (h> + B [Cf,ULS] (h)
= [Co + Crh] + [Ceonstr (R) + H] Py (h) (1.5)
= [Co + C]h] + [C[h(h) + Cy (THC’O + 1)] Pf (h)

hopt = arg min E [Cit] (h) (1.6)
h

The numerical minimization of the total expected costs can be performed with Matlab® or
Python. The optimal height of the beam is found to be 781 mm.

12 ; T .
R
10 —E[Cul(h)

R and S - Normal

H/Cy =20 ]
Cy = 50000 NOK; CIéCo =0.00024
Cf—ULS/CConstr =17.843

Cylulam = 4000 1\IOI</1’H3
ECio0pt = 59778 NOK

ECtot (h) [NOK]

4 L 4
hopt = 781 mm
2+ (ﬁopt = 3.36; Pfopt = 000038) 1
0 e T T
500 700 900 1100 1300 1500
h [mm]

Figure 1.3: Expected monetary costs with economic optimum and input values.

The sensitivity of the optimal cross-section height is plotted in Figure 1.4 for different values
of the input parameters.

850 850 850
\H\\H ) o —
800 H___________%__‘ 800 //’ 1 800 ﬁ_f'
750 750 750 f/
g j
= 700 700 700 /
g |
£
650 650 { 650
III
600 1 600 1 600
550 550 550
2000 4000 6000 8000 10000 0 2 4 ] 8 10 0 10 20 30 40 50
3 4
Cy1tam [NOK/M’] C,[NOK] <10 "co

Figure 1.4: Sensitivity analysis for hop.

By formulating the objective function as in Eq. (1.5), it is assumed that the structure is re-
placed if it fails within the 50 years life cycle and therefore the construction costs have to be paid
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(assuming we would then implement the same design variable h and the parameters of the cost
function, Cy and C are still valid) in addition to the damages to property beyond the construction
itself, H.

1.3. Interest

What we did not take into account so far in this simple example is the fact that the expenses
that are contained in the objective function take place at different times. I.e. when the structure
is constructed and when the structure fails. In order to be comparable, the expenses have to
be transformed to the value at the same point in time. The logical choice is the time when the
decision takes place, i.e. when the structure is constructed that is now, presently. The failure
costs take place in the future and have to be transferred back in time, given an assumed interest
rate.

100 |

——i=0.01
90| =003

i=0.05
80f | |

701 1
60 - 1
s0f O\ |
40| X _ ]
ol 1
20 NG ]

Present value of 100 MU at time 7

10 S~ ]

0 | | T e
0 50 100 150 200

Tin [years]

Figure 1.5: Illustration of the net present value: The graph shows the monetary units (MU) at
time T that correspond to 100 MU at present. The three lines correspond to the three different
interest rates © = 0.01, 7 = 0.03, ¢+ = 0.05.

The net present value (NPV) of the cost C;—, that is generated in 7 years can be generally
transferred back as:

1
C =0 — C =T T 17
t=0 =159 (1.7)
where 7 is the expected average interest rate. See the illustration in Figure (1.5).
The objective function in Eq. (1.5) can be modified correspondingly, i.e. all cost terms that

are paid in the future are scaled down by (1 +4)™":

1
(1414)" (1.8)
= [CO + Clh] + [Cconst’l‘ (h) + H] Pf (h) m

E [Ctot] (h) = Ceonstr (h> +E [Cf,ULS] (h)
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Chapter 1. Structural optimization

Accounting for the interest has a significant effect on the result. Let us consider the beam
example above. Assuming an interest rate of 3%, i.e. © = 0.03 and an average failure time after
25 years, the result presented in Figure 1.6 is obtained. Compared to the result without interest,
both, the optimal height and the reliability are smaller. (h,,; = 757 mm instead of 781 mm and
Bopt = 3.16 instead of 3.36).

x10* |
- constr(h)
10+ E[Crurs](h)|
>~ H/Cy =20 — E[Ctot](h)
O 8&r D/Cy = 0.2; T = 50 years T
= Cj-v15/Coomsir = 179272
g 6 ez .
3 ECo1.0p = 59479 NOK |
S 4
& hopt = 756 mm
2! (B = 3.16; Prop; = 0.0008) ]
oL—— -+ A S
500 700 90 1100 1300 1500
h [mm)]

Figure 1.6: Expected monetary costs for net present value.

QU ESTION: Why is hoy and the optimal reliability index B,y getting smaller when the

interest is considered?

(space for your notes)

1.4. Continuous renewal assumption

In the example above, a simple structure was optimized for single use in a finite service period
of 50 years. This perspective is valid if we want to optimize for the owner of the structure and
for the case where the specific structure is demolished after the planned service period.

A more general perspective is the perspective from legislation and code writing. We are more
generally interested in the reliability level that structures should have, from a societal perspective,
in order to specify the target reliability level for structural codes and standards.

If we do so, the structures are no longer optimized individually for their finite service periods.
What is optimized is the decision on structures that support a societal activity. It is assumed
that the societal activities are continuously ongoing, whereas the structures that support these
activities are continuously renewed.

Hereby, the act of renewal can become necessary for two reasons:
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Section: Theoretical aspects TKT4196 - Aspects of Structural Safety

a) the structure becomes obsolete and is replaced by a newer, more modern one;

b) the structure failed.

The optimization is then performed on a yearly basis (with yearly probability of failure and
yearly renewal costs). Regarding the simple previous beam example and representing the height
of the beam h with a design parameter & = p, the interest rate with v = ¢ the objective function
would then be written as:

1 1
E [Ctot (p)] = Uconstr (p) + E [Of (p)] ; + E [Oobs (p)} ;
(1a) (1.9)
= [CO+Czp]+[CO+CIp+H]me@HCoJrC}pﬂLD]%

Equation (1.9) consist of the following:

¢ Construction costs: Ceonst(p) = Co + Cyp are the construction cost with a part Cp that
is proportional to p, and a part C that is independent of p.

* Expected annual failure cost: E [Cf(p)] = [Ceonst(p) + H| )\PJEM) (p), here H is intro-
duced as a nonstructural failure cost, the construction costs are part of the failure cost as
a similar decision (similar investment into p) is expected after failure. The failure cost are
considered as annual expectations, so they are multiplied by the annual failure probability
P}la) (p). Ais introduced as the rate of a Poisson process with A = 1 in order to interpret
the annual failure probability as a rate of occurrence.

» v is the annual interest rate that is selected as the societal interest rate v = -y if the
preferences of the society are represented, or as the private interest rate v = g, if the
optimisation is done relative to entrepreneurial preferences.

» Expected obsolescence cost: E [Cops| = [Ceonst(p) + D] w, here D represents the demo-
lition cost and w is representing the expected rate at which the decision on p becomes
obsolete.

The design parameter p = p* that is minimising the expected total cost is found by

d /\P(la)
— {C’o+01p+ [Co—I—CIp—i-H]f—(m—i-

Il
o

dp

*

[C’0+C'1p—|—D] %}

g _
p=p
la * w .
:>CO+CIp*+H_1+P})(p)%+; (1.10)
Cy P
T dp %l
p=p

A simplified approximation can be formulated by considering that for typical structural en-
gineering decision situations it is Ps(p*) < w + 7:

Cr-(v+w) AP ()

~ 1.11
C'0+C'1p*—l—H dp ( )

p=p*
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Note that the expression for the ratio between the marginal safety costs (Cy) and the total failure
costs (Co+Cp*+ H) can be further simplified. Usually, C;p* < Cj since the construction costs
are dominated by the fixed costs. In these cases, the ratio on the left side of 1.11 is approximately
equal to C7/(Cy + H).
Cr-(v+w) 4P ()
Co+tH —  dp

(1.12)
p=p*
The optimal design p* can be estimated from Eq. (1.11) and (1.12) when the functional relation-
ship P}la) (p) is known analytically in the vicinity of p = p*. In other cases, the equation must
be solved numerically. It is interesting to note that the optimal choice of p does only depend on
dP;la) (p) /dp and not on the absolute values of P}la) (p), i.e. in the optimisation subject to p it

is only necessary to represent the gradual change of P}la) by changing p. This makes the results
of the optimisation insensitive against the non-inclusion of failure scenarios those probability of
occurrence cannot be influenced by gradually changing p. An example is the potential presence
of gross human error. This definitely has a strong effect on the estimated absolute probability of
failure, however, if it is assumed that the probability of failure conditional on gross human error
is not (or very weakly) influenced by the particular choice of p, the optimum choice of p = p*
derived by neglecting gross human error is still valid.

A reliability requirement can be determined from the above optimisation, i.e. if the choice of
p = p* is minimising the expected total costs, then PJEM) (p*) and B(p*) = —<I>*1(P]S1a) (p*)) are
the corresponding failure probability and reliability index of the optimal choice. If for a decision
problem at hand, it can be assumed that the attributes of the decision problem are sufficiently
similar to the assumed attributes contained in Eq. (1.11), this probability / reliability should be
chosen as a target. However, since such a target is expressed in terms of an absolute value it is
of high importance that the reliability target is only applied to sufficiently similar scenarios.

The example will be worked further in the exercise class.

1.5. Risk acceptance

The economic optimisation that is obtained from Eq. (1.11) ensures that resources are ex-
pended optimally from a financial point of view. But it does not guarantee that the optimum
decision p = p* is consistent with the societal preferences in regard to life safety. I.e. if human
lives are at risks it has to be ensured that societal resources are allocated efficiently for preventing
possible fatalities associated with structural failure. The marginal life-saving costs principle can
be applied to derive risk acceptance limits (ISO 2015; Blomquist 1979). The principle ensures
that the societal resources are allocated to efficient risk-reducing measures, i.e. measures that
can save one additional life at a cost that the society is willing (or able) to pay. This is here re-
ferred to as the Societal Willingness To Pay (SWTP). The SWTP is multiplied with the expected
number of fatalities given structural failure and inserted to the objective function in Eq. (1.8)
which leads to the specification of the acceptable domain in Eq. (1.13), ISO 2015; Kohler et al.
2019.

AP (p) . Cr(s+w)

- K 1.13
dp ~ SWTP-Ng ! (1.13)
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The constant K is introduced in (ISO 2015) as an indicator. Here, also typical values of K
are given. The minimum acceptable design (p,..) just satisfies the inequality in Eq. (1.13) and
depends on:

1. the uncertainty involved in the problem through the term dP}la) (p) / dp,
2. the marginal safety costs C'; measured in monetary units,

3. the societal ability to pay for saving one statistical life SWT P, measured in monetary
units,

4. the number of expected fatalities given structural failure Ny, and

5. the obsolescence rate w and the societal interest rate vg.

The condition for which the optimal design is within the acceptable domain (i.e. p* > pgce)
is obtained inserting Eq. (1.13) into Eq. (1.12) :

Cr-(ys +w)
— - <K 1.14
o+ H =M (1.14)

How the SWTP can be quantified is discussed in the following:

1.5.1. The societal willingness to pay for saving one additional life (SWTP)

The SWT'P corresponds to the amount of money that should be invested into saving one addi-
tional life for a given life risk reduction activity. The SWT'P is expressed in monetary terms
and can be derived e.g. by means of the Life Quality Index (LQI) Nathwani et al. 1997. The
LQI index informs about the revealed preferences of the society for investments into life safety
by estimating the ability of a national economy to allocate monetary resources in risk reducing
activities.

Values of the SWT'P that are derived from the LQI index are shown in Table 1.3 for some
selected countries, a more complete Table is given in ISO 2015. The values in the Table are
provided for different societal interest rates g for considering the discounting of the future costs
and benefits of the risk-reducing measures.

Table 1.3: SWTP for five selected countries from ISO 2015 for vs equal to 2 %, 3 % and 4 %
(all numbers in thousands purchasing power parity US dollars).

Country | 2008 GDP SWTP
Ys =2% Ys =3% Ys =4%
Australia 35624 4 840 4 298 3843

Brazil 9517 804 712 634
Norway 49 416 3937 3500 3129
Mali 1043 54 48 43
[N 42 809 3187 2 833 2543

The use of monetary units in the context of risk acceptance should not be misunderstood.
Indicators such as the cost of a statistical life or the money the society is willing (or better “able’)
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to pay for saving one additional life (STWT P) are not to be considered the monetary value of a
individual person’s life, which has of course a value that cannot be expressed in monetary terms.
The mentioned indicators are derived from small marginal changes in the probability of having
a fatality caused by failure.

1.5.2. Expected values

The cost terms H, Cy, C'; and Ny but also w and g are in general uncertain. A similar failure
event might lead to different consequences depending, for example, on the occupancy of the
building. All these terms need to be evaluated up to their expected value only since they affect
the expected total cost linearly (compare Equation (1.8)). If in addition it can be assumed that
they are independent of each other their probability density functions are irrelevant for the opti-
misation, see Raiffa et al. 1961. It follows that the values for the optimisation are not the highest
or extreme values associated with the corresponding events, but the expected ones. However,
the expectation operator is omitted in the text in order to ease the notation.

When evaluating the expected values of H and Ny, attention should be paid in cases where
the assets and the lives lost in the event of failure might be themselves a significant cause of
failure. A representative example might be the failure of a grandstand in a stadium due to static
or dynamic load induced by the occupants. In this case, the likelihood of failure increases with
the occupancy. This effect should be considered both in the formulation of the objective function
and in the representation of the variables.

1.6. Conclusion of Chapter 1

The principles of structural optimisation and risk acceptance criteria for direct structural de-
sign and for code-making have been briefly discussed with the aim of providing a transparent
background risk and reliability based design. The design requirements are derived by monetary
optimisation minimising the expected costs over time. The analysis of the optimisation prob-
lem showed the four most important aspects that influence the optimal reliability levels. These
aspects are

* the ratio between total failure costs and marginal safety costs;
* the uncertainty involved in the problem;

¢ the obsolescence rate; and

* the discounting rate.

The acceptability of the monetary optimum is not always satisfied. The acceptance criterion
can be derived by the Marginal Life-Saving Cost Principle that was here implemented using the
Life Quality Index (LQI). It was demonstrated that the acceptable threshold depends on:

* the marginal safety costs;
* the societal willingness to pay for saving one additional life;

* the number of expected fatalities given failure; and
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Section: Application examples TKT4196 - Aspects of Structural Safety

¢ the obsolescence and the societal interest rates.

All considerations in this chapter depend on reasonable assumptions for the consequence
and for the probability of failure as a function of the design decision variables. Whereas it is
sufficient to represent the consequences as expected values, the accurate representation of the
failure probability is of utmost importance. Accordingly, more advanced reliability methods and
probabilistic load and resistance modelling will be treated further in the upcoming chapters of
this lecture.

2. Application examples

El.1.

Consider the structure in Figure 1.1. The rectangular cross-section dimensions are paramet-
ric on the cross-section height h. The width b and span [ are known without uncertainty, being
b = 300 mm and [ = 10 m. The resistance f,, and load () are random variables, whose distri-
butions were given in Table 1.2.

In order to get started with a Python script you may import the necessary Python packages
and do some presettings for the output:

import numpy as np

import scipy as sp

import matplotlib.pyplot as plt

import scipy.stats

fontsizes=18

plt.rcParams.update({’font.size’: fontsizes})
plt.rcParams.update({"font.family": "serif"})
plt.rcParams.update ({"mathtext.fontset" : "cm"})
plt.rcParams.update({’font.serif’: ’Times New Roman’})
plt.close(’all’)

Then you specify some input parameters to the problem and compute the failure probability
and the reliability index as functions of the height h:

# Geometry

1 = 10000 # [mm] span

b = 300 # [mm] width
e ——

# Material properties

mu_fm = 26.6 # [MPa] mean material resistance
cov_fm = 0.15 # coeff. of variation

std_fm = mu_fm*cov_fm # [MPa] standard deviation

mu_R = mu_fm+*b/6
std_R = std_fm*b/6

f======================================
# Load
mu_q = 24.1 # [N/mm] mean load
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Chapter 1. Structural optimization

cov_q 0.3 # coeff. of variation

std_q

mu_qg*cov_q # [MPa] standard deviation

mu_S = (1%%2/8)*mu_q
std_S = (1%**2/8)*std_q

# Cost model

c_gl = 4000*1E-9 # [NOK/mm~3] Cost Glulam
CO = 50000 # [NOK] Fixed cost of comnstruction
H = C0%*20 # Direct cost of failure
Cl = lxbx*c_gl # [NOK/mm] Variable cost
i =0.03 # interest rate
= 25 # Service life
C_tau = 1/((1+1i)*xT) # discount factor

# Reliability index as a function of the decision variable

BETA = lambda h,mu_S,std_S: (mu_R+*h#**2-mu_S)/(((std_R+*h#**2)**x2+(std_S) *x*

2)*#%x0.5)
hli = np.linspace(500,1500, num=10000)
beta = BETA(hl,mu_S,std_S)
PF = sp.stats.norm.cdf (-beta)

The results can now be plotted:

# Plot
plt.figure ()

plt.subplot(121)

plt.plot(hl,beta, color=’black’,lw=2)
plt.xlabel(’$h$ [m]’,fontsize=fontsizes)
plt.ylabel(r’$\beta$’,fontsize=fontsizes)
plt.x1im (500, 1500)

plt.ylim(0,6)

plt.subplot(122)

plt.plot(hl,PF, color=’black’,lw=2)
plt.yscale(’log’)

plt.xlabel (’$h$ [m]’,fontsize=fontsizes)
plt.ylabel (*$P_£f$’,fontsize=fontsizes)
plt.x1im(500,1500)

plt.ylim(1le-10,1e0)

plt.tight_layout ()

plt.show ()

Output:
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E1.1.1. Structure with finite life (owner perspective) — neglecting interest rate

Make your own Matlab script to reproduce the results in Figure 1.3. The minimum expected
costs are obtained by minimization:

# Not discounted costs

C_c = CO + Cilxhi # Construction cost
EC_f = (C_c + H)=*PF # Expected failure cost
ECtot = C_c + EC_f # Objective function

# Compute optimum

idx_opt = ECtot.tolist().index(min(ECtot))

h_opt = hil[idx_opt]

beta_opt = betalidx_opt]

Pf_opt = PF[idx_opt]

ECtot_min = ECtot[idx_opt]

# print ("Optimum cross-section height: %.2f m" % (h_opt))

sl = "Optimum cross-section height: {h:.0f} m\n".format (h=h_opt)

s2 = "Optimum probability of failure: {pf:.2e}\nOptimum beta: {b:.2f}\n"
.format (pf=Pf_opt,b = beta_opt)

s3 = "Minimum expected total cost = {c:.0f} NOK\n".format(c = ECtot_min)

print (s1+s2+s3)

Optimum cross-section height: 781 m
Optimum probability of failure: 3.84e-04
Optimum beta: 3.36

Minimum expected total cost = 59778 NOK

And plot the objective function.

# Plot function

def pltECost(ECT_list,EC_f_list,EC_1list):
# plt.figure(idx_plt)
plt.plot(hl,ECT_list[0],ECT_list[1],label = ECT_list[2])
plt.plot(hl,EC_f_list[0],EC_f_list[1],label = EC_f_list[2])
plt.plot(hl,EC_list[0],EC_1list[1],label = EC_list[2])
plt.ylim(0,200000)
plt.x1im(500,1500)
plt.xlabel (’$h$ [m]’,fontsize=fontsizes)
plt.ylabel (’$\mathrm{E}[C_{tot}]$’,fontsize=fontsizes)
plt.tight_layout ()
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plt.ticklabel_format(style=’sci’,useMathText=True)
return

# Plot undiscounted costs

plt.figure ()

pltECost ([ECtot,’r’,’Undiscounted $\mathrm{E}[C_T]$’],[EC_f,’b’,”’
Undiscounted $\mathrm{E}[C_FI1$’]1,[
C_c,’k?,’$C_c$°1)

# plt.plot(np.array([h_opt, h_opt, 0]),np.array ([0, ECtot_min, ECtot_min

1),7:b7)
plt.plot(h_opt ,ECtot_min,’or’)
plt.show ()
Output:
200000
150000
< 100000
=

50000 \\\E‘_
0

600 800 1000 1200 1400
h[m]

E1.1.2. Structure with finite life (owner perspective) — present value of costs

Optimize the cross-section of the beam from the perspective of the owner, accounting for an
interest rate of 3% and an average failure time 7 of 25 years, i.e. reproduce the results in Fig-
ure 1.6.

E1.1.3. Structures with infinite renewal (societal perspective) — present value of costs

The optimization is now performed from the societal point of view. Under the infinite renewal
assumption, structures are considered to be re-constructed after failure and demolished and re-
constructed once they become obsolete.

Estimate the minimum expected cost and the optimal cross-section, probability of failure
P 504 and reliability 350, (related to a 50 year period) by following this perspective. Some
additional values to be used in the calculation are collected in Table 1.4. The 1 year max-
ima distributed load () is assumed to be Normal with parameters 119 1,, = 15.20 N/mm and
0Q,1yr = 6.11 N/mm.

Solutions The expected risk is plotted in Figure 1.7. The optimum cross-section height
is hop = 753 mm. The reliability and failure probability associated with a 50 year period are
computed assuming that failure between different years is independent. They result in 350, =
3.12 and Py 50, = 9.09 - 10*, respectively.
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Table 1.4: Assumed values and relations.

Variable Symbol Value, relations and units
Demolition costs D rpc, - Co = 0.2C)
Design life T 50 years
Interest rate 1 3%
Rate of obsolescence w 1/T
Societal interest rate Ys 2%
Gross domestic product g (ISO 2398:)
Societal Willingness To Pay to save an SWTP 32,100,000 NOK (ISO 2394:2015 Table
additional life G.2, delta-regime)
x 10
2 L 4
M 157 H/Cy =20 ]
@) D/Cy=0.2;T = 50 years
Z. Cr s/ Coonsir = 17.9405
g 1 [reeesesnseennsnneen + |
§ EECtOt’Upt = 105694 NOK
K 05 ghopt = 753 mm i
E(ﬂopt = 413, Pfopt = 2e — 05)
0 1 e 1 1 1
500 700 900 1100 1300 1500

h [mm]

Figure 1.7: Expected cost assuming infinite renewal (E1.1.3).

E1.1.4. Risk acceptance, part 1

The principle of the marginal life-saving costs is applied to this example in order to evaluate the
maximum accepted risk. The marginal life-saving cost principle is implemented through the use
of the life quality index (LQI). The definition of acceptability is based on the requirement that
all efficient life-saving measures have to be performed for societal risk acceptance. The accept-
able region (i.e. acceptable values of h in our example) is equivalent to sufficient expenditure
for life saving investments. The acceptable region is defined by the values of A satisfying the
following inequality in Eq. (1.13). The criterion depends on the expected number of fatalities
given structural failure Np. Define the boundaries of the acceptable region for N = 0.001 and
recalculate, /1y, if necessary.

Solutions The solution is presented in Figure 1.8. Assuming Ny = 0.001, the acceptable
region is i > 656 mm. This means that the optimal design found minimizing the expected costs
is acceptable. Therefore, h* = h,p, = 753 mm simultaneously minimizes monetary costs and
ensures an acceptable level of risk.
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Figure 1.8: Monetary optimization with acceptance criteria Nrp = 0.001 (E1.1.4).

El1.1.5. Risk acceptance, part 2

Re-do the calculations in the previous example for Ny = 10.

Solutions The solution is presented in Figure 1.9. Assuming N = 10 the acceptable region
is h > hy, = 971 mm, meaning that the optimal design found minimizing the expected costs,
i.e. hoy = 753 mm is not acceptable. It follows that the design that simultaneously minimizes
monetary costs and ensures an acceptable level of risk corresponds to hope = Ny, = 971 mm.

%10
2 . 1
— Acceptable Region
M15F |
S EC,in =109423 NOK
E\ & & |
= 1 ECiot opt = 105692 NOK
G hopt - 752 mm
M 05¢F |
0 — I | |
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h [mm)]

Figure 1.9: Monetary optimization with acceptance criteria N = 10 (E1.1.5).

Page 27



Section: Practical exercises TKT4196 - Aspects of Structural Safety

3. Practical exercises

Pl.1. Fixed-end beam optimization

Consider the beam in Figure 1.10. In this exercise, the beam is fixed at both ends. The span
and the square cross-section are [ = 10 m and b = 300 mm, as before. The basic random
variables are also Normal distributed with mean and coefficient of variation given in Table 1.1.
All other inputs are given in the example presented in the lecture.

S

!
Figure 1.10: Boundary conditions of the beam in P1.1.

Pl1.1.1. Fixed-end beam optimization

Find the new optimum beam height A assuming finite life and using discounted costs.

Solutions The new optimum cross-section height is lower than for the simply supported
beam: h,,; = 623 mm. However, it yields a higher optimum reliability index: S,,: = 3.22. This
is due to the fact that the load effects of this boundary conditions are ca. 66% lower than for the
simply supported beam.

P1.1.2. Additional efficient investment

Fixing the extremes of a beam is a more costly activity when compared to simply supporting
them. The costs of producing a fix joint for beams of relatively similar cross-section dimensions
can be assumed to be equal. Therefore, this cost can be considered part of the fixed construction
costs (.

Calculate the maximum additional investment that is sensible to make in fixing the extremes
of the beam before it becomes a less optimum alternative.

Solutions The maximum additional investment in the fixed cost is found to be 2003 NOK.
Note that this solution provides a higher reliability (5 = 3.22) for the same expected optimum
cost.

P1.2. Uncertainty in the modelling of the supports

A visual inspection of the beam that was designed in the previous practical exercise (see
Figure 1.10) is conducted after construction due found defects in the joints. The uncertainties
associated with the outcomes of the evaluation are given by the probability of both joints not
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Loss of stiffness

!
Figure 1.11: Lost of stiffness.
being stiff enough being Pj,in: =~ 1071, This is equivalent to having a simply supported static

scheme instead of having the ends fixed, see Figure 1.11.
According to the the law of total probability, the probability of failure is now:

P; = Pr(stiff joints N (Mg (hop) < Mg|fix-fix)) +

1.15
Pr (non-stiff joints N (Mg (hept) < Mg|hinge-hinge)) (1.15)

For independent events, it can be rewritten as:
P; = Pr(stiff joints) - Pr (Mg (hop) < Mg|fix-fix) + (1.16)

Pr (non-stiff joints) - Pr (Mg (hopt) < Mg|hinge-hinge)

1. Evaluate the probability of failure and the reliability index, and comment the obtained
values.

2. Evaluate, the total expected costs and compare them to the ones obtained in P1.1.1. Com-
ment the results. Evaluate and compare the expected failure costs only.

3. Imagine the reparation of the joints will cost ¥ NOK, what can be a possible decision
criterion for deciding if repairing the joints or not?
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Question::
How safe is safe enough?
Describe how a reliability criterion may be established based on optimization.

* Give an example for a possible objective function
* Represent the objective function graphically and explain the shape of the graph.

* What is the difference between the optimization of a single structure and the optimiza-
tion of a large portfolio of (similar) structures? How are the objective functions differ-
ent?

* How can the concept be adapted in order to represent societal preferences to prevent
human fatalities?
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Chapter 2

Structural reliability - Problem Statement
and Monte Carlo Method

The fundamental structural reliability problem is revisited and extended to linear limit states of
n normal distributed random variables.

The Monte Carlo simulation method is introduced as the simplest way to approach more realistic
reliability problems.

It is demonstrated how samples of correlated random variables can be generated.

Latin Hypercube Sampling is introduced as a variance reduction method for Monte Carlo sim-

ulations.

1. Theoretical aspects

1.1. Prelude

Probability of failure is, as seen in the previous chapter, a crucial factor within the assessment
of cost optimality and risk acceptability of civil engineering structures. In the introductory ex-
amples, we estimated the failure probability under strong assumptions. Namely, we represented
failure by a linear limit state function (R — .5) of Normal distributed variables and independent
resistance and load.

However, the physical phenomena that generate structural resistance and structural loads are
not very well represented by the Normal distribution and other distribution types should be used.
Many relevant failure scenarios are better represented by non-linear limit state functions and the
different variables of a structural problem might be correlated. In short, practical engineering
situations are more complex and cannot be represented by the strong simplifications that we
applied in the previous chapter. In this chapter, methods that allow for a more realistic represen-
tation of practical engineering situations are introduced.

1.2. Introduction: The limit state principle

The safety of an engineering structure depends on the type and magnitude of the applied load
and the structural strength and stiffness. Whether the performance is considered satisfactory
depends on the requirements which must be satisfied. Among others, these include reliability of
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the structure against collapse, limitation of damages or of deflections, or other criteria.

In general, any state that may be associated with consequences in terms of costs, loss of lives
and impact to the environment are of interest. In the following, it is not differentiated between
these different types of states. For simplicity, it is referred to all of them as being failure events. It
is convenient to describe failure events in terms of functional relations, which if fulfilled, define
that the failure event F will occur:

F = {g(x) < 0} @.1)

where ¢ (x) is denominated as the limit state function. The components of the vector x are
the realizations of the so-called basic random variables X, representing all relevant uncertainties
influencing the problem at hand. The failure event F is defined as the set of realizations of the
limit state function ¢ (x), which are zero or negative. Some typical limit states are given in
Table 2.1.

Table 2.1: Typical limit states for structures.

Limit State Type  Description Examples
Ultimate Collapse of the structure Rupture, plastic mechanism, instability,
or part of it progressive collapse, fatigue, deteriora-

tion, fire.

Damage (often included in above)  Excessive permanent cracking, perma-
nent irreversible deformation.

Serviceability Disruption of normal use  Excessive deflection, vibration, local
damage.

Due to the associated consequences, failure events linked with the most serious limit states,
such as collapse and major damage, should be relatively rare events. The study of structural
reliability is concerned with the assessment of the probability of failure of engineered structures
related events at any stage during its service life.

The probability of occurrence of a failure event is a measure of the chance of its occurrence.
This chance may be quantified by observing the long term frequency of the event for gener-
ally similar structures or components, or may be simply a subjective estimate of its numerical
value. Engineering structures are mostly exclusive in regard to the structural assembly and their
exposure to loads and environment, which in general precludes the assignment of relative fre-
quencies of events within many similar structures. However, a more generic description can
be given for structural components and materials. Thus, a combination of subjective estimates
and frequency observations about structural components and structural assemblies is utilized in
practice to assess the probability of limit state violation of a structure.

The probability of failure py may be generally determined by the following integral:

pf=P<g<X>so>:/() s 2.2)
9(x)<

where ¢ (X) is the limit state function, X is a vector of basic random variables and fx (.) is
the joint probability function of the variables X.
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1.3. A simple case - the Fundamental Reliability Problem

Several methods can be found in the literature to calculate the probability of failure by solving
the integral in Eq. (2.2). An overview and a discussion of different approaches is presented in
e.g. J.Schneider 2006. The most straightforward method is that of Monte Carlo simulation,
while probably the more efficient are the so-called approximate methods based on the calculation
of the reliability index [, e.g. the first order reliability method (FORM) and the second order
reliability method (SORM). There are also methods to increase the efficiency of the Monte Carlo
simulation like Importance Sampling or Adaptive Sampling. In this chapter and the next one,
only the main ideas of Monte Carlo Simulation and FORM are briefly outlined.

Linear Limit State Functions and Normal Distributed Variables

First, we consider the two dimensional case (i.e. two basic random variables), which is aligned
to the simplification we applied in the previous chapter. A limit state function can be g (7, s) =
r — s, and the corresponding safety margin is M/ = R — S. For R and S uncorrelated, the
reliability index is:

EM)_ EIR-F[S) _ pn—ps
DM} \/Var[Rl+Var[S]  \/o}+ 0}
where F [M] is the expected value of M and D [M] is its standard deviation. In the multidi-

mensional space (i.e. more than two basic random variables), the limit state function is defined
as:

B =

(2.3)

g(x)=ag+ Y aw; =ao+a'x (2.4)

i=1
where a vector notation has been introduced; a’ is a row vector with elements a; , and X is a
column vector with elements z;. The so-called safety margin M is defined as:

M = ag + Z a; X; = ap +a’'X (2.5)
=1

M is Normal distributed with expected value E [M] = ag+ Y, a;E [X;] = ap + a” E[X]
and standard deviation D [M] = y/aTCxa. Here E [X] is the vector of expected values (with
1 x n elements):

E [X] = [/'LXN,U/Xw D) ,an] (26)

and C¥ is the matrix of covariance of X (symmetric, with n x n elements). For uncorrelated
basic random variables it is:

0% 0 - 0
0 o2 .. 0
cx=| . 2.7)
0 o --- J%{n

The reliability index can be written in a matrix form as:
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E[M]  ao+a’E[X]

= = 2.8
Bc D[M] aTCa (2.8)
Defining the failure event as in Eq. (2.1), the probability of failure can be defined as:
pr="P(g(X)<0)=P(M<0)=o(-fc) (2.9)

If the two-dimensional case of two independent Normal distributed random variables is con-
sidered, the reliability index [ has a geometrical interpretation as illustrated in Figure 2.1.

2.0

1.6 | |

12 | ] )

0.8 7 7

0.4 A S \|R

0.0 r,S,m
0 1 2 3 4 5

-2 -1 6

pdf

Figure 2.1: The safety margin M = R — S for the case of independent and Normal distributed
R and S. The reliability index ( defines the mean value of M as a function of its standard
deviation: (i = Boyy.

1.4. Definitions

Second-moment reliability theory: reliability theory based on the representation of uncer-
tainties solely in terms of expected values (first moments) and covariance (second moments).

Basic variables: fundamental variables which define and characterize the behaviour and
safety of a structure. They are denoted by X;. The vector containing all the basic variables of
a certain problem is denoted by X = [Xj, X»,...X;,...X,,]. A realization of a basic variable is

denoted by z; while a realization of X is denoted by X = [x1, z3, ...Z;, ..., .

Failure surface/hyperplane or limit state surface/hyperplane: surface separating the fail-
ure domain (£2¢) to the safe domain (£2,). The failure surface is denoted by Lx.

Limit state function: function ¢ (x1, 25, ...x,) = ¢ (X) that assumes the following values:

g(x) =0, xe€Ly (2.10)
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Note that according to this definition a limit state function specifies the failure surface L x
and satisfies a sign convention outside L. The failure surface, on the other hand, does not de-
fine a unique failure function. The g-function usually results from mechanical analysis.

Safety margin: random variable obtained by replacing the parameters z1, x5, ...z, in the limit
state function with the corresponding random variables X, X5, ... X,,. It is usually denoted by
M, being M = g (X).

1.5. Monte Carlo Method

A very simple approach to estimate probability of failure, e.g. according to the general ex-
pression in Eq. (2.2), is the Monte Carlo Simulation (MCS) Method. Assuming that the basic
random variables are represented through a set of independent random variables X, the outcomes
of the limit state function g (X) can be processed by virtually sampling the basic random vari-
ables at random, according to their distribution functions. The outcomes might be in the failure
domain (g (x) < 0) or in the safe domain (g (x) > 0). After an infinite number of “tests” the
failure probability is:

pr=P(g(x) <0)= lim — (2.11)

where 7 is the total number of trials and n; is the number of outcomes where ¢ () < 0.

Virtual random sampling or simulation is often consuming considerable computation time;
therefore the number of simulations is limited to a certain extent. With a limited number of
simulations, the failure probability can only be estimated and the uncertainty of these estima-
tions is of interest. It can be demonstrated that the uncertainty associated with the estimate is
proportional to 1/, /ny.

Since in structural reliability analysis the failure probability of interest is small, i.e. in the
order of 1079 the number of simulated failures n; is scarce. To estimate the failure probability
of 10~¢ with proper accuracy, e.g. a coefficient of variation of the estimate of 10%, the number
of simulations should be 10%.

1.5.1. Generation of realizations x of random variables X.

Realizations x of random variables X are usually generated by computers. Nearly all relevant
computer programs are able to generate samples of a random variable Y with uniform distribu-
tion in the interval [0, 1]. The corresponding cumulative distribution function is:

0 y<0
Fy(y)=qy 0<y<l (2.12)
1 1<y

Computer codes are inherently deterministic and are thus not able to generate true random-
ness. Nevertheless, so-called pseudo-random numbers can be generated. As an example in MS
Excel the function rand () generates pseudo-random realization for y. As numbers generated
by the computer are not truly random, the quality of the pseudo randomness should always be
critically questioned. This is especially relevant for situations where the generation of large sets
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of multiple random variables is necessary (as it is typical in structural engineering). E.g. the
quality of the results of MCS is triggered by the quality of the pseudo-random variables.

True random numbers are nowadays provided in the internet (e.g. https://www.random.org/).
Here, randomness is generated based on measures of true natural randomness, e.g. atmospheric
noise.

1.5.2. Generation of a single random variable

For a reliability analysis with MCS we need to generate realizations of random variables with
arbitrary distributions that are specified by the corresponding cumulative distribution functions.

In order to generate a random realization of an arbitrarily distributed variable, the so called
transverse method can be used. Basis is taken in the cumulative distribution F'x (x) of the random
variable X. The cumulative distribution is defined as the probability that a realization x is
smaller or equal than X , i.e.

Fx(z)=Pr(z < X) =y (2.13)

where y is defined in the interval [0, 1].

The idea of the transverse method is to generate a realization of a uniform distributed random
variable y and use the transposed cumulative distribution function of X to generate a realization
x.

= Fy'(y) (2.14)

The principle is illustrated in Figure 2.2.
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Figure 2.2: Generating random realizations x of a variable X based on realizations u of a
uniform distributed random variable U [0, 1].

Example
It is aimed to generate random numbers that follow an exponential distribution Fx(z) =

1 — exp (—Ax). The inverse of this function is computed as follows:
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1 — Fx(z) = exp (—Az)

(- Fy(x) _
A

Finally, Fix(z) =Y ~ U [0, 1] is set.

1.5.3. Random number generation in Python

There are several ways of generating random numbers from a given distribution function in
Python. If one knows the inverse distribution function F'5;' (y), one can sample random numbers
of y ~ U|0, 1] first, and then proceed to evaluate those realizations using Fy''. You can sample
uniform distributed numbers e.g. as follows:

import numpy as np

n_sim = int(1leb)

y = np.random.uniform(size=n_sim) # generate n_sim uniform distributed
numbers

Alternatively, several Python packages offer built-in functions to generate random samples
from the most common distributions. The NumPy package offers the followings:

numpy . random.uniform U(0, 1) distributed pseudo-random numbers
numpy . random.normal Normal distributed pseudo-random numbers
numpy . random.weibull Weibull distributed pseudo-random numbers
numpy . random. lognormal Log-Normal distributed pseudo-random numbers
numpy . random. exponential | Exponential distributed pseudo-random numbers
numpy . random. gamma Gamma distributed pseudo-random numbers
numpy . random. gumbel Gumbel distributed pseudo-random numbers

Note that the inputs to these functions are usually the number of samples and the parameters
of the distribution (not the moments). So you may need to compute the distribution parameters
first, and then use the function of interest.

Other packages offer similar functions. For example, you can draw samples of the normal
distribution using the SciPy package as scipy.stats.norm.rvs.

1.6. Sampling of correlated random variables

Many practical engineering problems require the consideration of correlated variables. Cor-
relation has a large effect on structural reliability estimates.

Correlation between two random variables is generally expressed with the correlation coef-
ficient p € [—1, 1]. The effect of correlation between load and resistance on the realizations of a
Monte Carlo simulation (and correspondingly on the estimate of the failure probability) can be
seen in Figure 2.3.
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Figure 2.3: Realizations of load and resistance dependent on the correlation.

1.6.1. Generating correlated bivariate random variables

To generate pairs of realizations of Normal distributed correlated variables, first, realizations of
independent variables are to be generated. Then, the coordinate system is to be rotated so that
they become dependent.

The transformation of the coordinate system is performed as follows:

¥ =x-cos(a)+y-sin(a)

/

y' = —x-sin(a) +y - cos () (2.16)

Setting the correlation coefficient to p = cos («) yields:

¥=x-p+y-1-—p? (2.17)

Algorithm for generating realizations of pairs of Normal distributed random variables:
1. Generate X ~ N(0,1),Y ~ N(0,1)

2. Calculate X' = X -p+Y - /1 —p?

3. Get the correlated pair of standard Normal distributed random variables (X, X’) =
(X17 X2)

4. Transform (X7, X5) to general bivariate Normal distribution ; + X;0;.

Caution: The direct application of this method is only valid for the standard Normal distribution.
For generation of general correlated random variables, the so-called “Normal to Anything”
(NORTA) methods come into play.
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Example: Normal distribution
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Transformation not valid for other distributions!

1.6.2. Normal to Anything

The basic idea of NORTA is to generate pairs of realizations of correlated bivariate standard
Normal variables (as above). First, they are transformed into pairs of realizations of correlated
Uniform distributed variables. These are then transformed using the distribution of choice.

Algorithm:

1. Generate a pair of correlated standard Normal random variables (X, X') = (X, X5) (see
above)

2. Calculate Uy = ¢ (X;) and Uy = @ (X3). E.g.:
Excel®: Norm.dist(X,0,1)
Matlab®: normcdf (X,0,1)
This gives pairs of realizations of correlated Uniform distributed variables (Uy, Us)

3. Use U; to generate correlated random variables by using the inverse transformation
method.
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NORTA: Example

25 ¢

1.7. Generalization for multivariate distributions

| — , __ (-7,
X'=X-p+Y-\fl-p U, = ®(X) ===
A 4 A4 A 4
Nr. Sim| WN(u=0,6=0) |N(u=0,o=0) MVN (0,0,1,1, p =0.8) U (0,1) U (0,1) MVExp (A,,A5)
1 -1.721617252 0.040385677 -1.721617252 -1.353062396 0.04256944 0.08801785 0.13050624 0.27640458
2 1.352786938 -0.285493347 1.352786938 0.910933543 0.91193815 0.8188348 7.2891475 5.12503795
3 0.080014232 0.172840922 0.080014232 0.167775939 0.53188703 0.56662022 227713688 250842256
4 -0.166766125 0.319333788 -0.166766125 0.058187373 0.43377704 0.52320031 1.70630205 2.22197644
5 0.104898079 -1.739373857 0.104898079 -0.959705851 0.54177166 0.16860164 2.34116297 0.55393867
6 -0.536203406 0.200664025 -0.536203406 -0.30856431 0.29590899 0.37882649 1.05254297 1.42843448
7 1.097379345 0.59123515 1.097379345 1.232644566 0.8637622 0.8911458 5.98006018 6.65323769
8 -0.601325973 -0.045777285 -0.601325873 -0.508527149 0.27381145 0.30554185 0.95983675 1.09387014
9 -0.041280701 1.142412507 -0.041260701 0.652438043 0.48354403 0.74294008 1.98229573 4.07534866
10 -0.345012549 1.062599643 -0.345012549 0.361549747 0.36504247 0.64115574 1.36259148 3.07460039
11 -0.038455833 -1.428023401 -0.038455833 -0.887578707 0.48466212 0.18738371 1.98879756 0.62248873
Example: Exponential distribution
uncorrelated p=0.8

The covariance structure of n random variables is described by the covariance matrix >.. The

covariance matrix of the random variables X, , X5, ..., X,, is written as:

a§(1 PX1X:0X10X, Px1X,0X,0X,
Y — Ugcz PX2X,0X20X,
sym. O%(n
The correlation matrix C is defined as:
Y[X X
VE X, Xi| S [X, X

(2.18)

(2.19)

Note that for the multivariate standard Normal distribution > = C and can be decomposed
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with C = R™R in order to define correlated random variables Y out of uncorrelated X:
Y =XR (2.20)

The matrix R is found by using e.g. a Cholesky Decomposition of the correlation matrix:
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Example:
1 0.800 0.200
b 0802 Cholesky decomposition
C=|108 1 03 > R=[0 0600 0233
02 03 1 0 0 0.952
Correlated Uncorrelated
standard normal standard normal
distributed random variables  distributed random variables
A \

{ b Iy 0.800 0.200
[ 1.602 1.536 0.240|=[ 1.602 0.424 -0.188]|0 0.600 0233
0 0 0952

When using Matlab®, the function mvnrnd can be used for the generation of realizations
of correlated multivariate Normal distributed random variables. NORTA can then be used to
generate any distribution types based on that.

1.8. Variance reducing methodologies

Monte Carlo simulation becomes more and more common for solving reliability problems
due to the computational power that is nowadays available even by using desktop computers.
However, in many practical problems Monte Carlo is still too slow, e.g. when:

* the limit state function has no closed form and a single evaluation of the limit state requires
considerable computation time,

* the failure probability has to be evaluated many times.

For these situations, the so-called variance reducing methodologies such as importance sam-
pling, stratified sampling or Latin Hypercube Sampling (LHS) should be considered. In the
following we will look closer to Latin Hypercube Sampling.

1.8.1. Latin Hypercube Sampling

The idea of latin Hypercube Sampling is to order random realizations into so-called "strats”, in
order to accelerate convergence.

In Figure 2.4, the direct comparison between crude sampling and ordered sampling is illus-
trated. For the ordered sampling the vertical axis is divided into (in this case 6) bins (or strats).
Random realizations are generated for each of these individual bins. A faster convergence of the
ordered sample towards the real character of the cumulative distribution function is observed.

If many variables are to be generated simultaneously, the same strategy can be used for or-
dering sampling. However, the order between the different variables is to be broken up carefully.
This is done by the so-called hypercube.
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Crude Sampling

Ordered Sampling

0

Figure 2.4: Difference between crude and ordered sampling.

The strategy is as follows:

1. Each variable is divided in n (same number) intervals.
2. A Latin Hypercube is constructed in order to combine the random variables.

3. The variables are combined and the outcome is computed.

An example for two random variables is illustrated in Figure 2.5.

Random variable X

Random variable Y

e.g. combine x1 with y1

— 4

X

Random variable

Random variable Y

2 3 4 5 6

° Latin Hypercube

e.g. combine x4 with y6

Figure 2.5: Example of the Latin Hypercube Sampling for two random variables.

1.8.2. Latin Hypercube Sampling with Python

Some Python packages include Latin Hypercube Sampling functions, e.g. pyDOE. However, in
order to increase understanding of the underlying sampling strategy it is worthwhile to imple-

ment LHS into an self-created function. There are several ways to do it; one possibility is shown
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next, where the generation of realizations of standard Normal distributed variables is considered.

import numpy as np
import scipy as sp
import scipy.stats

def LHCNorms (NStrat ,NVar):
""" Function for Latin Hypercube Sampling for realizations of
Standard
Normal distributed variables (JK, June 2016)

INPUT :
NStrat:: Size of the Strat as INT
Nvar:: Number of Variables as INT
OUTPUT :
Data:: Realizations as NSample x NVar array of RE

nimn

data np.random.uniform(size=(NStrat ,NVar)) # Random Numbers of U(
0,1)
Data = np.zeros_like(data) # Definition of size
of output array

for i in range(NVar):

rank = np.random.permutation(NStrat) + 1 # Create a random
sequence of ranks (Shuffle)
prob = (rank - datal:,i])/NStrat # Random realisation in
the interval below index/
NSample
Datal[:,i] = sp.stats.norm.ppf (prob) # Output as Standard

Normal (here any
distribution could enter)
return Data

In line 21, the standard Normal distribution is specified. If other distribution types are of
interest, the edit goes there. Alternatively, the pyDOE function 1hs can be used to create a LHS
experimental design and afterwards apply use that design for the distribution of interest. You
can install the pyDOE package with teh command conda install pyDOE.

1.8.3. Effect of LHS on convergence

The objective of LHS is to accelerate convergence to the “exact” result. Let us consider the
simple example where realizations from a standard Normal distribution are sampled and the
sample mean is to be calculated. The real mean value is known to be zero. However, the sample
means will only converge to that value by increasing the sample size considerably.

We can create a little experiment where we evaluate the sample mean of m different samples
of size n. We can compute m different sample means for each sample size. In Figure 2.6, the
results of the experiment are displayed for m = 50 and n = 50. The green line represents the
theoretical solution for the standard deviation of the sample means o, = 1//n.

If sampling is now performed according to a Latin Hypercube design, e.g. according to the
function introduced above, the convergence behavior can be enhanced considerably.
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Figure 2.6: The mean value of different samples of random realizations of the standard Normal

distribution of size n.
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Figure 2.7: The blue dots represent the mean values of samples of size n as generated by LHS.
The blue diamonds represent the standard deviations.

If LHS is applied for the solution of structural reliability problems, however, the increase of
efficiency is less spectacular as will be shown in the following example.

Example

Crude Monte Carlo and Latin Hypercube Sampling are used for the estimation of the fail-
ure probability, that is defined as Py = Pr(R — S < 0); whereas R and S are represented

as independent Normal distributed random variables R ~ N(y = 6.8,0 = 1.7) and S
N(u = 1.6,0 = 0.3). The failure probability can be easily computed exactly as P

® (— (6.8 —1.6) /v/1.72+0.3%) = 0.0013.

In this example, however, we are interested in the convergence towards the true value.

~Y

In
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Figure 2.8, the convergence is illustrated by means of the standard deviation of the estimates
of the failure probability as a function of the number of simulations. It can be seen that after
newmcon) ~ 100/ Py = 7.7-10* simulations, the standard deviation is dropping below 10% of
the failure probability. The same accuracy is reached after nypc(10%) ~ 4 - 10*, which is about
45% less.

1 0_2 T T T T T T T T
- stDev(CMCs)
stDev(CMCt)
stDev(LHS)
10% Pf
— Pf
103 ¢ .

10-5 L L 1 1 L L 1 L
1 2 3 4 5 6 7 8 9 10

n x10%

Figure 2.8: Development of the accuracy of estimates of the probability of failure with increasing
number of simulations.

This sounds nice, but it should be considered that the generation of the LHC design also
requires additional computational power, so, the gain in number of simulations might be well
compensated by that.

2. Application examples

E2.1. Hyper-plane failure function with normal distributed variables

Consider the cantilever beam loaded by two concentrated forces in Figure 2.9 (from Madsen
et al. 1985). The variables are uncorrelated and their properties are summarized in Table 2.2.
Formulate the safety margin based on the cross-section capacity ultimate limit state, i.e. the
beam fails if the moment capacity is exceeded. Write the second moment representation of F},,,
Py and P, and calculate the reliability index.
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Table 2.2: Basic variables properties.

X | px ox
F,, | 167 MPa 20 MPa
W, | 1.5e6 mm? | 0

l 4 m 0
P, | 10kN 3 kN
P, | 10kN 3 kN
P P,
4
‘ / |

Figure 2.9: Cantilever beam.

Solution The linear safety margin is M = W, I, — [P, — 2IP,. The second moment
representation of the set of basic variables X = (F},,, P, ) is:

167 MPa 202 (MPa)? 0 0
E[X]=| 10000N |; Cx= 0 30002N? 0
10000 N 0 0 3000 N2

aop = 0 and the vector of the coefficients is:

a'=[W, -l —20]=[15-10°mm*® —4000 mm —8000 mm |
The reliability index is calculated by means of Eq. (2.8) yielding 5o = 3.24.

E2.2. Application of Crude Monte Carlo (CMC) simulation to the design of a
timber column

This example is adapted from Kohler et al. (2008). The structural behaviour of columns
subjected to axial compression is characterized by the non-linear (second order) increase of the
deformation due to the axial load (P-delta effects). P-delta effects are due to imperfections of
the structural members and strongly depended on the column slenderness and stiffness. Since
columns subjected to axial compression become more slender and less stiff to deformation, the
influence of P-delta effects increases and the structural behaviour is governed by column stability
(buckling). Therefore, the stiffness properties (modulus of elasticity) of the structural members
play an important role for a second order analysis, in particular for slender columns.

In the case of columns subjected to axial compression, the non-linear (second order) increase
of the deformation due to the axial compression can be calculated considering the amplification
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factor defined as:

o= (2.21)

N
1 —
Ncrit
with NV the load effect and N,,;; = w2 E1/I? the classic Euler’s formula of buckling, i.e. with
E the modulus of elasticity, / the moment of inertia and [ the buckling length. The resulting
moment of second order can be calculated as:

M;; = Naé (2.22)

The initial eccentricity £ takes into account all geometric imperfections, as well as material
imperfections.

In the case of a second order structural analysis, the ultimate limit state of columns subjected
to axial compression can be verified with common interaction equations for combined bend-
ing and axial compression. Investigations by Buchanan showed that columns loaded by axial
compression and bending tend to develop plastic deformations in the compression zone. Thus,
a linear model for description of the interaction between bending and axial compression leads
to conservative results. In EN 1995-1-1 and DIN 1052 this effect is taken into account by the
following non-linear interaction curve for combined bending and axial compression:

N\? M
(N—R) + i < 1.0 (2.23)

with N and M being the load effects. Ng = kpoaFe - A and Mg = kypoq - Fr - W are
the resistances in compression and bending with, A the cross-sectional area and W the section
modulus.

Eq. (2.23) can be used for the verification of the ultimate limit state of columns subjected to
axial compression assuming the resulting moment M;; of second order:

1
N¢E — N
) , 7Bl
N M N 2
- = <1.0 2.24
(NR> * MR (kmochA) * kmod'Fm'W a ( )

Additionally, the simple check of axial compression without any second order moment and
the check for buckling must be verified:

N < Np (2.25)

N S Ncm't (226)

A probabilistic model for the column load bearing capacity is derived from Egs. (2.24) to
(2.26). The failure domain is defined by:
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Q= {x]g1(x) <0 OR g2(x) <0 OR ga(x) < 0} (227)
with:
( + )£ ;
N IR
, m2eh?
9+4 1202
=1-X;|——] — X .
5 (X) ! (kmodfchQ) ? kmodfmhs (228)
6
g+q
=] - X —
& (X) ! kmodfch'2
g+q
9:0) = 1= Xo" g
1212

The following simplifications are introduced:

e = F,, = F_, i.e. same material strength for compression and bending load mode;

* the model uncertainties are not considered, i.e. X; = X5 = 1.0 (they will be introduced

later in the course);

* no duration of load effects, i.e. k,,,q = 1.0.

The basic variables properties are given in Table 2.3. Calculate the probability of failure Py

and the reliability index f3.

Table 2.3: Basic properties of the variables.

Basic Variables PDF COV | Mean | Standard deviation
F,, : bending strength [N/mm?] Normal 0.25 | 20 5

F. : compression strength [N/mm?] | Normal 0.25 | 20 5

E : MOE [N/mm?] Normal 0.13 | 11000 | 1430

(G : Dead Load [kN] Normal 0.1 10.15 | 1.02

() : Live Load [kN] Normal 0.4 28.23 | 11.29

&: Initial Bow [mm)] Normal - 0 3

[ [mm] Deterministic | - 10000 | -

h: cross-section dimension [mm] Deterministic | - 250 -

Solution: For-cycle script The most intuitive way of programming is with the for-cycle.
In each cycle, one value for basic variable is sampled; the cycle is repeated 7., times. With 10°
simulations, it is obtained 8 = 3.83; Py = 6.40 - 10~°. The simulation time is 221 s.
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Table 2.4: Development of the accuracy of estimates of the probability of failure with increasing
number of simulations.

Simulation nr. i 1 2 3 i Nyim=10°
T 20.83 12.44 2277 |.J| 19.25 1872 |..| 035 17.10 23.74
sampled e 9863.50 | 11738.04 | 10694.58 |.)| 4442.14 | 11889.26 |..| 10516.73 | 9140.42 | 10672.14
alues g 11412.06 | 10789.79 | 949428 |.)J| 11142.47 | 11539.91 |..| 8840.47 | 11062.51 | 10312.35
q 60510.41 | 19574.54 | 6978.21 |.J| 53780.87 | 25859.97 |..| 34953.30 | 64441.97 | 43877.09
xi 3.98 168 059 . 139 260 |..| 3.32 2.55 3.83
n 71922.47 | 30364.33 | 16472.49 |.|| 64923.33 | 37399.88 |..| 43793.77 | 75504.40 | 54180.44
_ _ nr | 833061.68 | 497437.71 | 910862.72 |.)| 769920.37 | 748791.20 | ..| 14073.27 | 683993.57 | 949401.01
intermediate [ 57768722.67] 16581257.05) 30362090.54| || 25664012.47 | 24959706.77 | .| 469108.88 | 22799785.82| 31646700.21
variables [ | 129798.48 | 154466.42 | 140735.02 |.|| 58456.28 | 156456.41 | ..|138394.67| 120283.14 | 140439.74
alpha 2.24 1.24 113 |.J .04 131 |..| 146 2.69 1.63
evaluation of gl (\j}L97 0.99 1.00 . 1.02 0.99 -9.14 0.97 0.99
limit state | g2 0.91 0.94 0.98 |. 0.92 095 |..| -211 0.89 0.94
function g3 0.45 0.80 088 |.] -omu 0.76 |..| 0.68 0.37 0.61
I}
Failure event
counting fails 0 0 0 " 1 1 64 64 64

cycle nr. i

Solution: Script without For-cycle The implementation of loops is not optimized in
Matlab®. A better (faster) way of programming is achieved by using vectors. For each basic
random variable, a 1 X ng;,, vector of sampled values is created with the command
x=norminv(rand(l,n sim) ,mX, stdX). The limit state functions are evaluated using the ele-
ment by element operation (.*, ./ and .").

Set the elements of fails equal to 1 if failure occurs. The total number of failures is then
equal to sum(fails). The estimation of the probability of failure is Pf=sum(fails)/n_sim.

Table 2.5: Sampled vectors, limit state function evaluations and counting of failure events.

Simulation nr. i 1 2 3 i Ngim=10°
f 20.83 12.44 22.77 19.25 18.72 0.35 17.10 23.74
sampled e 9863.50 11738.04 10694.58 | ... 4442.14 11889.26 |..| 10516.73 9140.42 10672.14 |1xng, vector with
values g 11412.06 10789.79 9494.28 .| 11142.47 11539.91 |..| 8840.47 11062.51 10312.35 |the realizations of E
q 60510.41 19574.54 6978.21 ..| 53780.87 25859.97 |...| 34953.30 64441.97 43877.09
xi 3.98 1.68 0.59 1.39 2.60 3.32 2.55 3.83
{
n 71922.47 30364.33 16472.49 |..| 64923.33 37399.88 | .. | 43793.77 75504.49 54189.44
intermediate nr 833061.68 | 497437.71 910862.72 |..| 769920.37 748791.20 | ... | 14073.27 | 683993.57 | 949401.01
variables mr | 27768722.67| 16581257.05| 30362090.54 | ... | 25664012.47 | 24959706.77 | ... | 469108.88 | 22799785.82 | 31646700.21
ncrit 129798.48 154466.42 140735.02 |..| 58456.28 156456.41 |..[138394.67 | 120283.14 140439.74
alpha 2.24 1.24 1.13 -9.04 1.31 1.46 2.69 1.63
v
evaluationof| gl 0.97 0.99 1.00 1.02 0.99 .| -9.14 0.97 0.99
limit state g2 0.91 0.94 0.98 0.92 0.95 -2.11 0.89 0.94
function g3 0.45 0.80 0.88 -0.11 0.76 0.68 0.37 0.61
¥ TOTAL
Failure event
counting fails 0 0 0 1 0 1 0 0 784

The results obtained from 107 simulations (i.e. 10 times more than before) are: 5 = 3.80;
Py =7.20 - 10~° and the time for simulation is 5.16 s. The simulation is much faster compared
to the script with the for-cycle. The plots below show the convergence of the simulations.

It is important to keep in mind that the result for a finite number of simulations varies due
to the randomness of the sampling. The scatter of the results decreases when the number of
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Figure 2.10: Convergence of the MCS.

simulations tends to infinite. The results of ten different MCS are reported in the table and
figure below.

Figure 2.11: Obtained values of the reliability index for 107 simulations.

4.2 - T - T T ' T T T Simulation Beta
4.1 | . 1 3.78
. ] 2 3.79

3 3.78

N 4 3.80
5 3.78

6 3.79

7 3.76

3.5 8 3.80
s 1 2 3 «; 5 {; 7 Eli 9. 10 9 3.79
Nr. of simulations « 108 10 377

3. Practical exercises

P2.1. Calculation of the reliability index with correlated random variables

Consider the cantilever beam loaded by two concentrated forces presented in E2.1. If we
assume that P1 and P2 are originated from the same physical phenomenon (e.g. both are induced
by the snow) then P1 and P2 will be positively correlated, with correlation coefficient pp, p,.
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Formula the covariance matrix as a function of pp, p, and plot the reliability index for correlation
coeflicients between 0 and 1. Does the probability of failure increases or decreases for increasing
correlation? why?

P2.2. Crude Monte Carlo (CMC) simulation for the column example

Consider the column capacity problem in E2.2. For the timber material the bending strength
F.,, and the compression strength F are different but positively correlated; moreover, both prop-
erties are positively correlated with the elastic modulus £. The correlation of the three random
variables is given in the Table 2.6. Compute the reliability index taking into account the cor-
relation among the random variables and compare the results with the ones in E2.2. Use a
cross-section height 4 = 200 mm in this case.

Table 2.6: Correlation p of the random variables.

F. | E
F, 108.]0.38
F. |1 0.6

P2.3. Latin Hypercube sampling for the column example

Solve again the exercise P2.2 using the Latin Hypercube sampling (LHS) technique and com-
pare the computation time.

P2.4. Non-normal distributed variables

Some random variables are better described by other distributions than the Normal distri-
bution. Distributions that are often used in structural reliability are the Weibull, Exponential,
Pareto etc. The appendix of Jordaan (2005) provides a good summary of the most used ones.
The material properties (F,,,, F,. and E) are better represented by lognormal distributions while
the live load yearly maxima (()) are represented by a Gumbel distribution. Adapt the exam-
ple E2.2 accordingly and compute the reliability index. Assume that the same moments of the
random variables as were given in Table 2.3. Use a cross-section height A = 200 mm in this
case.

Gumbel distribution

The Gumbel distribution is representing maxima of random variables with parent distributions
having exponential tail. In civil engineering, it is used for representing the yearly maxima of
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environmental actions. The cumulative density function is:

Fx(z|a,b) = exp[—exp|—a(zx — b)]]
a

mean: ux = b+ —, (v~ 0.577216 is the Euler’s constant)
fy

standard deviation: oy = —— (2.29)
™ a\/é

arameters: a = ——; b= _ L

P g X\/é Hx a

Log-Normal distribution

A variable X is said to be Log-Normal distributed if Y = In(X) is Normal distributed. In civil
engineering, it is used to represent material properties and many variables that are strictly posi-
tive; in fact, the lognormal distribution is defined only on the positive real axis. The cumulative
density function is derived from the normal distribution:

In(z) — Mln(r))
Oln(z)
o 12n(x)
2

Fx (I|,uln(x)7 Uln(m)) = (

mean: px = exXp <,uln(:r) +
(2.30)

standard deviation: ox = ux \/ exp(of,,y) — 1

o? 2
parameters: fiin(;) = In(px) — 1;(1); Oln(z) = 4 | In (1 + (O—X> )
Hx

Page 53



Section: Practical exercises TKT4196 - Aspects of Structural Safety

Question::
Limit state and structural reliability.

* Give some examples for relevant events that can be expressed by a limit state.
* How is “failure” computed? (Hint: The reliability integral.)

* How would you solve a reliability problem that can be formulated as a linear combina-
tion of 5 normal distributed correlated random variables?

* Consider the simple case g(r, s) = r — s. Represent the problem graphically:

— In a 2 dimensional diagram.
— In a 3 dimensional diagram. (indicate the limit state g(r, s) = 0)

— In the standard normal space.

Question::
Monte Carlo Simulation Method.

Explain the main principle of the Monte Carlo Simulation Method.
* How many simulations do you have to perform in order to get a reliable result.

* How can you accelerate convergence to the true failure probability? Explain the method
and the challenges.

How do you consider correlated random variables?

What are sources of correlation in structural reliability? Give some examples.

What is the effect of correlation on the reliability? Give an illustrative example.
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First Order Reliability Method

The first order reliability method (FORM) is introduced as a very efficient approximation method
to compute the probability of failure.

1. Theoretical aspects

1.1. Linear Limit State Functions and Normal Distributed Variables

Let’s revisit the simple case, where the limit state function ¢ (x) is a linear function of Normal
distributed random variables X. Then, the limit state function can be written as:

g(x)=ao+ Y a; G.1)
=1

The so-called safety margin M is defined as:

M=at Y ax, (62)
i=1

and is Normal distributed with mean value p); and standard deviation o, as:

par = ag + ) aiix, (3.3)
i=1
o3 = ao + Za?ag(i + Z Z PijaiGi0x,0X, (3.4)
i=1 i=1 j=1,j#i

where p;; are the correlation coeflicients between the variables X; and X ;. The probability
of failure can be defined as:

pr=P(g(X)<0)=P(M<0) (3.5)
which in this case, reduces to the evaluation of the standard Normal distribution function as:
pr=2(=p) (3.6)
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where (3 is the so-called reliability index:

g="ErM 3.7)

oM
For the two-dimensional case of two independent Normal distributed random variables, the
reliability index [ has the geometrical interpretation that is illustrated in Figure 3.1. The limit
state function g(z1, x2) is transformed into the limit state function g(u;, us) by normalization
of the independent Normal distributed random variables X7, X5 into standardized Normal dis-
tributed random variables Uy, Us:

Xi — pix,
O'Xi

U, = (3.8)

Note that the operation results in the random variables U; having zero means and unit standard
deviations.

fx (x)
= /fU (u)=¢(u)

X-space
x, A

ol

g(x)=0

g(ll)=0

Figure 3.1: Illustration of the two-dimensional case of a linear limit state function and stan-
dardized Normal distributed variables Uy, Us,.

The reliability index [ has the geometrical interpretation of the distance to the origin of the
line g(u) = 0, which is the boundary between the safe domain and the failure domain. For
k-dimensions, the line can be generalized as the £ — 1 dimensional hyper-plane. The point
contained in g(u) = 0 that is closest to the origin is referred to as the design point u*.

1.2. Non-linear limit state function

When the limit state function is non-linear with respect to the basic random variables X, the
situation is not as simple as outlined in the previous. One feasible approximation is to represent
the failure domain in terms of a linearization of the boundary between the safe domain and the
failure domain, i.e. the failure surface. However, the question remains on how to choose the
linearization point.

Hasofer and Lind (1974) suggests performing this linearization at the design point of the
failure surface represented in the normalized space. The situation is illustrated in the two-
dimensional space in Figure 3.2.

The failure surface is linearized at the design point u* by the line ¢’(u) = 0. The a-vector is
the outward directed normal vector to the failure surface in the design point u*, i.e. the point of
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12- 1',{2

liniearized failure surface

‘ N\

g =0

original failure surface

10 12
uj

Figure 3.2: Illustration of the linearization proposed by Hasofer and Lind'in the standard Nor-
mal space.

the linearized failure surface with the shortest distance to the origin .
As the limit state function is in general non-linear, one does not know the design point in
advance. This has to be found iteratively, e.g. by solving the optimization problem in Eq. (3.9).

(3.9)

= min
& u€{g(u)=0}

This problem may be solved in a number of different ways. Provided that the limit state function
is differentiable, the following simple iteration scheme may be followed:

0 = —— Ou; [(B-) i=1,2,.n (3.10)
> (5el0)
0u; 1 (8-a)
=1
g(B-o,B -z, .0 0a,) =0 (3.11)

First, a design point is guessed (u* = 3 - ) and inserted into Eq. (3.10), whereby a new
normal vector « to the failure surface is achieved. This a-vector is then inserted into Eq. (3.11),
from which a new (3-value is calculated.

'Hasofer, A. M., & Lind, N. C. (1973). An exact and invariant first-order reliability format. Solid Mechanics
Division, University of Waterloo.
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The iteration scheme will converge in a few iterations (say normally 6-10) and provides the
design point u*, as well as the reliability index 5 and the outward normal vector to the failure
surface at the design point a. As already mentioned, the reliability index § may be related
directly to the probability of failure. The components of the a-vector may be interpreted as
sensitivity factors, which give the relative importance of the individual random variables for the
reliability index [3.

The Second Order Reliability Methods (SORM) follow the same principles as FORM. How-
ever, as a logical extension of FORM, the failure surface is expanded to the second order at the
design point. The result of a SORM analysis may be given as the FORM S multiplied with a cor-
rection factor, evaluated on the basis of the second order partial derivatives of the failure surface
at the design point. Notice that the SORM analysis becomes exact for failure surfaces that are
defined by second order polynomials of the random variables. However, generally speaking, the
result of a SORM analysis can be shown to be asymptotically exact for any shape of the failure
surface as 3 approaches infinity. The interested reader is referred to the literature? for the details
of SORM analyses.

Example: Non-linear Safety Margin

Consider a steel rod that has resistance 12 and is loaded in tension by the force S. The cross-
section area of the steel rod A is assumed to be uncertain. The steel yield stress R is Normal
distributed with mean values and standard deviation ur = 350 MPa, o0 = 35 MPa. The loading
S is Normal distributed with mean value and standard deviation g = 1500 N, o0 = 300 N.

Finally, the cross-section area A is assumed Normal distributed with mean value and standard
deviation 14 = 10 mm?, o4 = 1 mm?.
The limit state function may be written as:

g(zr)=r-a—s

The first step is to transform the Normal distributed random variables R, A and S into standard-
ized Normal distributed random variables, i.e.:

R—

Up = KR
OR
A—

Uy = A
OA
S —

Ug = Us
0s

The limit state function may now be written in the space of the standardized Normal dis-
tributed random variables as:

g(u) = (upor + pr)(Uaca + pra) — (usos + ps)
= (35ug + 350)(ua + 10) — (300us + 1500)
= 350ugr + 350uy — 300ug + 35urus + 2000

2Hasofer, A. M., & Lind, N. C. (1974). Exact and invariant second-moment code format. Journal of the
Engineering Mechanics division, 100(1), 111-121.
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The reliability index and the design point may be determined in accordance with Equations
(3.10) and (3.11) as:

—2000

p= 350ap + 35004 — 300as + 358agaa

1
ap = _E(350 + 350a4)

1
ay = ——(350 + 358agR)

k
0y _ 300
STk
with
n
89 ? \/ 2 2 2
k= = 350 + 35 350 + 35 300
E (8ui (50)) (350 + 358a.4)” + (350 + 358ar)” + (300)
i=1

which by calculation gives the iteration history shown in the following Table:

Table 3.1: Iteration history for the non-linear limit state example.

Iteration | Start 1 2 3 4 5

15} 3.0000 | 3.6719 | 3.7399 | 3.7444 | 3.7448 | 3.7448
QR -0.5800 | -0.5701 | -0.5612 | -0.5611 | -0.5610 | -0.5610
az -0.5800 | -0.5701 | -0.5612 | -0.5611 | -0.5610 | -0.5610
ag 0.5800 | 0.5916 | 0.6084 | 0.6086 | 0.6087 | 0.6087

From Table 3.1, it is seen that the basic random variable S modelling the load on the steel
rod is slightly dominating with an a-value equal to 0.6087. Furthermore it is seen that both the
variables R and A are acting as resistance variables as their a-values are negative. The failure
probability for the steel rod is determined as Pp = ®(—3.7448) = 9.02 - 107°.

1.3. Correlated and Dependent Random Variables

The situation where basic random variables X are stochastically dependent is often encoun-
tered in practical problems. For Normal distributed random variables, the joint probability dis-
tribution function may be described in terms of the first two moments, i.e. the mean value vector
and the covariance matrix. This is, however, only the case for Normal or Log-Normal distributed
random variables.

Correlation and dependency may be treated completely along the same lines as described
in the context of Monte Carlo Simulation and the NORTA method. Note that, in addition to
the transformation from a limit state function expressed in variables X to a limit state function
expressed in variables U, a transformation in between is introduced where the considered random
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variables are first normalized before they are made uncorrelated. I.e. the row of transformations
yields:

X—=>Y—>U

In the following, the case of Normal distributed random variables is considered. It will be
seen how this transformation may be implemented in the iterative procedure outlined previously.
Let us assume that the basic random variables X are correlated with covariance matrix given as:

Var[X;]  Cov[Xy, Xs]... Cov Xy, X,
Cx = : : : (3.12)
Cov [ X, Xi] e Var[X,]

and correlation coefficient matrix px:

1 - pum
px=1| 1 1 (3.13)
prn - 1
Note that the random variables are uncorrelated if px is the identity matrix.

As before, the first step is to transform the n-vector of basic random variables X into a vector
of standardized random variables Y with zero mean values and unit variances. This operation
may be performed by:

X, — jix.
Y, = DB 19 (3.14)

0x;

whereby the covariance matrix of Y, denoted Cy, is equal to the correlation coefficient matrix
of X, i.e. px.

The second step is to transform the vector of standardized basic random variables Y, into a
vector of uncorrelated basic random variables U. This last transformation may be performed in
several ways. The approach described in the following utilizes the Cholesky factorization from
matrix algebra and is efficient for both hand calculations and for implementation in computer
programs. The transformation that is sought after may be written as:

Y=TU (3.15)

where T is a lower triangular matrix, i.e. 7;; = 0 for j > 1.

It is then seen that the covariance matrix Cy can be written as:

Cy=E[YY']=FE[T-U-U""T'|=T-E[U-U"| - T"'=TxT ' =px (3.16)

where the superscript T denotes the transpose of a matrix. The components of T may be
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determined from Eq. (3.16) as:

T =1
To1 = p12
T31 = p13
(3.17)
Ty — paz — Ts1 - T

T22

Example (Cont.)
The previous example of the rod is again considered. Additionally, the random variables A and

R are assumed to be correlated, with correlation coefficient matrix given as:

1 PAR PAS 1 01 0
px=|pra 1 prs | =101 1 0
psa psr 1 0 0 1

with par = pra = 0.1 and all other correlation coefficients equal to zero. The transformation
matrix 1" can now be calculated as:

1 0 O
T=101 099 0
0 0 1

The components of the vector Y may then be calculated as:

Yi=Ua
Yr=01-Uy+0.995-Ug
Ys = Us

Finally, the components of the vector X are determined as:

Xa=Up-04+pta
XR:(OIUA+0995UR>O'R+,MR
Xsg=Us- 05+ s

whereby the limit state function can be written in terms of the uncorrelated and normalized
random variables U as follows:

g(u) = ((0.1-us+0.995 - ug) - og + pr)(uaoca + pa) — (usos + ps)

from which the reliability index can be calculated as in the previous example.

In case that the stochastically dependent basic random variables are not Normal or Log-
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Normal distributed, the dependency can no longer be described completely in terms of corre-
lation coefficients. Thus, the above-described transformation is thus not appropriate. In such
cases, other transformations must be applied, as described in the next section.

1.4. Non-Normal and Dependent Random Variables

As stated in the previous, the joint probability distribution function of a random vector X
can only be completely described in terms of the marginal probability distribution functions for
the individual components of the vector X and the correlation coefficient matrix, when all the
components of X are either Normal or Log-Normal distributed.

First of all, the simpler case of the components of X being independent but non-Normal
distributed is considered. Thereafter, it shall be seen how, in some cases, the situation of jointly
dependent and non-Normal distributed random variables may be treated.

1.4.1. The full transformation

Let g be a limit state function, dependent on n random variables X = { X7, ..., X,,}. The full
transformation transforms a random realization x; into the u-space with the following the map-
ping:

z; = F'[®(u;)] (3.18)

Figure 3.3: Full-transformation scheme.

The limit state function g can be transformed to the standard Normal space as:

g0 (w) = g(Fx @ ()], o, Fi [®(u,) (3.19)
The derivative of gy with respect to u; is then computed by using the chain rule, i.e.:

dg  Og Ox;

(3.20)

Explicit formulations for z; exist for some particular distribution families. In particular, two
cases are here regarded:

X is Log-Normal distributed

The cumulative distribution function of a Log-Normal distributed random variable X with
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expected value p and standard deviation o can be expressed as:

Fy(z)=® (ln(x)—_“) (3.21)

ar

Where 7, and o, are the distribution parameters given by:

2
or, = 4/In <0—2 + 1)
M (3.22)

pr = Inp— 50%
The transformation in Eq. (3.18) can be then be rewritten as:
r = F'[®(u)] = exp(oy, - u + jur) (3.23)

The derivative of x with respect to u:

ox o(u
— = — = opexp(pur + opu) (3.24)
Ou  fx(Fx'(®(u)))

X is Gumbel distributed

The cumulative distribution function of a Gumbel distributed random variable X with ex-
pected value 1 and standard deviation o can be expressed as:

Fx(x) = exp[— exp[—a(z — b)]] (3.25)

Where a and b are the distribution parameters given by:
7
a=—
Vo9, 572 (3.26)
b=p—

The transformation in Eq. (3.18) can be then be rewritten as:
1 1
r=F¢ [®(u)] =b——In[—In®(u)] (3.27)
a

The derivative of x with respect to u:

. o(u _ p(u)
gu Tx(Fy (@) | ad(u) () (5:28)

1.4.2. The Normal-tail Approximation

Another approach to consider the problem of non-Normal distributed random variables, within
the context of the iterative scheme given in Eqgs. (3.10) and (3.11) for the calculation of the
reliability index [, is to approximate the actual probability distribution by a Normal probability
distribution at the design point. Due to the fact that the design point is usually located in the
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tails of the distribution functions of the basic random variables, the scheme is often referred to
as the “Normal tail approximation”.
Denoting the design point by z*, the approximation is introduced as:

*
Fx,(z})=® (—x ,’“‘ Xi) (3.29)
o,
o L fap—
Ix,(x]) = = (— Xl) (3.30)

where p/'y. and o'y are, respectively, the unknown mean value and standard deviation of the
approximating Normal distribution.
Solving Egs. (3.29) and (3.30) with respect to /'y, and o’y results in the following expres-

sions: o(OHFx,(x})])

[

(3.31)

'U’/Xz = x;k o (I)_l[FXz(x:)] ’ 0-3(1-
This transformation may easily be introduced in the iterative evaluation of the reliability index
B as a final step before the basic random variables are normalized.

1.4.3. The Rosenblatt Transformation

If the joint probability distribution function of the random vector X can be obtained in terms of
a sequence of conditional probability distribution functions such as:

Fx(x) = Fx,(zn|v1,22 ,. .., Zp1) - Fx, (@p_1 21,29 .o 2p2) .- Fx, (1) (3.32)

then the transformation from the X-space to the U-space may be performed using the so-
called Rosenblatt transformation:

®(ur) = Fx, (1)
P(ug) = Fx, (w2 |71)

(3.33)

(I)(Un) = FXn (:En ‘.’1}'1 sy Ly n ,l’nfl)
where n is the number of random variables, F'x,(x; |x1, 22, ..., x;_ ) is the conditional prob-
ability distribution function for the i*" random variable, given the realizations of x, o, . . ., T;_1

and ®(-) is the standard Normal probability distribution function. From the transformation given
by Eq. (3.33), the basic random variables X may be expressed in terms of standardized Normal
distributed random variables U by:

(3.34)
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In some cases the Rosenblatt transformation cannot be applied because the required condi-
tional probability distribution functions cannot be provided. In such cases, other transforma-
tions may be useful such as, e.g. the Nataf transformation. Standard commercial software for
FORM analysis usually include a selection of possibilities for the representation of dependent
non-Normal distributed random variables.

2. Application examples

E3.1. Reliability assessment of the SLS of a bridge deck using FORM

The limitation of beam deflections is usually a governing requirement in design. Deflections
larger than the maximum allowed violate a limit state which is categorized as Serviceability
Limit State (SLS), since no failure is involved.

The probability of having a mid-span deflection larger than 8 mm needs to be calculated for
the beam illustrated in Figure 3.4 given the distributed load (). The basic variables are reported
in the Table 3.2.

Table 3.2: Basic Variables.

Distribution Mean Standard deviation

b | Deterministic | 50 mm -
E | Deterministic | 205000 N/mm? | -
l Deterministic | 3000 mm -
H | Normal 100 mm 5 mm
) | Normal 5 N/mm 1 N/mm
a4
< N
a
\ \
r\ 3m N

3m

Figure 3.4: Beam geometry and cross-section.

Approach 1

The deflection at mid-span is calculated as:
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5ql*
w=—0 (3.35)
384 F —
12

The limit state function which bounds the failure domain is:

5
g(q,h) = 8 mm — <1.235 - 1()“’113rl ) % —0 (3.36)

Realizations of ) and H which gives g(g, h) < 0 are associated with violation of the SLS,
i.e. deflections larger than 8 mm. Inserting the deterministic values in Eq. (3.36) yields:

5
g(g,h) = 8 mm — (1.235 - 10"3m§1 ) % —0 (3.37)
Or equivalently:
5
9(g,h) = (8 mm)h® — (1.235 - 106m;rl ) qg=0 (3.38)

As it can be observed, g(q, ) is non-linear.

The transformation of the basic random variables (H, () into normal standard variables
(Un, Ug) reads:

- Ug = (3.39)

This corresponds to:

H:UHJH+MH; QZUQO’Q—F,U/Q (340)

The limit state function in the normal standard space is obtained by substituting Eq. (3.40)
into Eq. (3.38):

g (ug,up) = 8(ugoy + pum)® — 1.235 - 10%(ugog + pg)) =0

3.41
' (ug, ug) = u3, + 60uZ, + 1200uy — 1235ug + 1825 = 0 4D

The reliability index is the distance between the origin and the design point in the U-space.
The design point has coordinates (ug,, uj;) in the U-space and is defined as the point on the
line ¢'(ug, uy) = O that is closest to the origin, see Figure 3.6. The corresponding point in the
X-space has coordinates ¢* = u;0q + pq, h* = ujon + pp). The design point can therefore
be expressed as (uz2 = Bag, uj; = Pagy). Substituting this expression in Eq. (3.41) leads to:

d (ug,un) = (Bay)® +60(Bag)? + 1200(Bay) — 1235(Bag) + 1825 = 0 (3.42)
The FORM algorithm for finding the reliability index is reported in the following pages. The

algorithm is very efficient even when the starting vector a!) is far from the final one. Setting
al) = (1 / V7,—6 / VT ) the algorithm converges in 3 — 4 iterations, see Figure 3.7.
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X-space U-space

Figure 3.5: Limit state function in the X and U-space with joint probability density function.

U-space

0.4

0.z

u*=feal--————— A

0.5 1] 0s 1 15
u

=]

Figure 3.6: Geometrical interpretation of [ and design point. The vector with coordinates
(g, apr) has unitary length and points towards the design point.

Approach 2

An alternative approach is proposed in order to avoid solving the limit state function for
finding the reliability index 3. Its convergence is slightly slower but still satisfactory. The key
point is to collect beta in Eq. (3.42):

9 (ug,un) = B [an(Bay)® + 608a3; + 12000y — 1235ag]| + 1825 = 0 (3.43)

Isolating (3 results in:

—1825
= 3.44
0 lan(Ban)? 4+ 60Ba3 + 1200ay — 123500 (344)
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0.5

0.5 0

Figure 3.7: Convergence for o) = (1/\/7, —6/\/7).

Iteration 1:
Step 0 (only in first iteration): guess an a -vector. The os
vector must have unitary length; negative coordinates for
“resistance-variables” and positive coordinates for “load-

PR
[T

variables”. Having two random variables a possible start is: omorn
V= (1/ V2;-1/42 ) . The norm of @ s ’

2 2 /
||a“)” = (1/\5) + (—1/\/5) =1 . The design point is /
(u;(') =p0 -a((_,') ;u;}') =pY -ag) with ﬂ(l) unknown S N\
calculated in step 2. omorn N /

Step 1: only from 2" iteration

Step 2: calculate A% by solving Eq. (8): N
g' (B -al BV aP)=0. .
The equation is difficult to solve for ﬂ(l) therefore a AN omon

numerical solver is used, it gives ﬂ(” =1.079998.
(check that the design point is on the limits state function:

2'(1.080-(1/v2),1.080(~1/32)) = 0, OK)

7071

We define 5(*) as the reliability index at the iteration ;. We can approximate 3(*) by calculating
it from the reliability index 5~ and ") estimated in the previous iteration. A good guess
of the starting values is:

e 8 =1.00 for SLS and 8% = 3.00 or 4.00 for typical ULS.

o aV = (1/y/n,1/\/n,...1/\/n, —1/y/n), with n representing the number of basic random
variables.
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05 T T T A —a

Step 1: evaluate the new alpha vector @ i.e. the unitary —
vector orthogonal to g'( ) at the design point: N “\ )
’ o \ //
_0g’] | \
Ouy

og' h omart
() Ol | where

k ! k

a® =

%

=—(-1235.00
o (-1235.00)

.4)

’

%"
5”11

=—(3(4)" +120(4;) +1200) =-1110.11

() 47)

2 ~—
2 ’
> % =/1235.00? +(-1110.11)* =1660.59
i=1 6’4,- () )
a® =(0.7437,-0.6685)
Step 2: calculate ﬂ(z) by solving Eq. (8) o N
g'(B? a2, -a)=0. R
Numerical solution is S =1.078533. AN oreen

(check:
g'(B?-aP,B? -aP)=0=9.04-10"~0)

@) =1 078533

Step 1: evaluate the new alpha vector o

_o%'
6“9

_og'
(46 ) %l ) | where
k ! k

a® =

_%'
au

=—(~1235.00)

49)

=—(3()" +120(4;?) +1200) =-1115.04

447)

06701

(4

_%'
Buy

2
=41235.00% +(~1115.04)* =1663.89 o
(4§45) —

a® =(0.7422;-0.6701)

Step  2: calculate ﬁ(g) by solving Eq. (8)
g'(ﬂ‘3)-ag>,ﬂ<3>-a§§’)=0- "
Numerical solution is S =1.078531. N

(check:
gr(ﬂ(3) ,a(;),ﬁﬁ) ,as)) ~0)

4% =1.078531

067014

The iterations are similar to the previous method:
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Iteration 4

Step 1: evaluate the new alpha vector o

2

i=1

z[;%’

o =(0.7423;-0.6701)

—
CDMugu,)
_ g’ _ o’ =
ou R /
@ 2l us?) | O i) where . . “
k ’ k N

og' = o5 \
- =—(~1235.00) \

Ou, D 7007 x\

() 52)

_ %] =~(3(4)’ +120(u;?)+1200) = ~1114.84

514” (u[L,”,u‘,f)j AN

2 ' '/ )
=/1235.00° + (~1114.84)> =1663.76 o/
(49 4) s o 05 1 I —

Step
g (0

(check:
g'(B?

Numerical solution is S =1.078531. N o2y / |

Stop since |5 - 59| <101 sereor

2:  calculate ﬂ“) by solving Eq. (8)
-ay), B -af))=0.

a9 a?)~0)

Step 1: Evaluate the new vector alpha

_og' _og'
au =) A [ (1) fi=t)
a(’) 0 F:L) iy },- au” II;:LD M ) where
—jf =—(~1235.00)
@ (ag7)
—gui = (3w ") +120(u; ") +1200)
H [u;,'u',']

Step 2: Evaluate g with:

po=

~1825
@) (B -a)) +60- B (af) ) +1200-af) 1235 |

In general, we obtain g'(ﬁm -aly,p? .aﬁ])i 0 so the design point is NOT

on the curve g'( )=0, but it will be quite close to it.
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The second method converges to the same result and has the advantage of avoiding the ana-
lytical calculation of /3 from the limit state function. [ is calculated numerically. The analytical
solution is reported in Figure 3.8. Note that in many situations is not possible to find the analyt-
ical solution.

[ 135 o — 10800, o, +2160 o 00" — 988 0
= 2 + 666900 o, — 2667600 a1,

LY -
1l J o ] ) 24 chq

[ ot ([ r T T 5 T N

] — [ 135 o — 1080 o, o+ 2160 oy o © — 988 =,

1482015 f - — + 666900 or, — 2667600 o

J 7

o

ES
" o
(]

Figure 3.8: Analytical solution for the reliability index (3.

3. Practical exercises

P3.1. Extension to non-Normal random variables

Consider the variable () to be Gumbel distributed with same expected value and standard
deviation. Compute again the reliability index by using FORM. Address the extension of the
FORM algorithm to non-Normal distributed variables with both the full transformation and the
normal-tail approximation. Comment on the solution and the difference with the previous case
of () being Normal distributed with the same moments.

Short solution The iteration steps are reported below; the starting values are 0’8) = 00;
,u’g) = pg and V) = (1/y/n,1/y/n,...1/y/n, —1/y/n), with n representing the number of
basic random variables. After 4 iterations, it is obtained 8 = 1.1585.

0.5 T g T 1 T

9 (ugu, =0

T flugu,)

N, : —
R 7,
N P |‘
‘.\\:'_ 0.3779% 0.75678 |
~ 0.74174 |
0
WL 5 I|
AN ]
\\ g =1.0813 f
. \ 14) 21,0788, i /
T 4 : : Now G /
5 5[ \ N\ ]
“ \ 32 =3.2347 kﬂq:&\::
085367 | R ‘ f
0&7088 ~J70.81820 -0 70681) / /

(650003 -0.72338) /

IS
-0.92582 = :

(0.46667 -1.1431) \5\\___ ‘,'f
05 0 05 .. 1 15 2
Figure 3.9: FORM convergence following Approach 2 (%) = 2.00 and oV =

(1/V/7,—6/V/7)).
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. .
Iteration i
: 0] : o Uspace -
Step l.bﬁnd.the Vélue (‘>f B by solving ) v
g'(B-al™, B0 i) = . J
=8(8-a{ Mo, +u, ) ~1.235-10° (B afVoiV + 4§0) =0 o N /
07071 x\ (0.76367 0.76367) /
z ! / //
H /
/ /
" y /
/ /
: // — - //
S — - ///
25 s /,/
7 /
s o os T 2 25 s
Step 2: evaluate the new alpha values (i.e. direction of the red dashed line) 05 Bsre
/ T tan]
_agr _agr o N 0.70711 '/
Otg o0y Oy o ooy | (123500000 ~(24(80l 0y + 1) o) N / /
a(z)= o My ; 0 Mu ; B N P J
k k k k N /
ozom \w Amp— /
Bl > &S /
/ / //
0) (i), (i1 2 4 /
k=(12350000" )’ +(~(24( 8% V0, + 11, ) 0,4 ) * P /
/ o /
ot/ - N4
/ - S/
| ya
25 A A
/ X
g / 3
/// -
s o o5 1 s B 2 s
Yo
Step 3: Normal tail approximation for Q in in the approximated design point (red cross) e
-1 (@)
W _ lo”(Fy(a))]
% =77 (@) N I
o\q “\\ /
1P =g — 07 (F,(¢""))- o R — 4
with q'® = pOaYo, +u, = y
‘/,/
o B - g <A
- g / -
s o os . 2 2 3
. Normal tail
o]
o [\
A\
02 \\
015 | 4
Run steps 1-2-3 until convergence.

Question::
First order reliability method

give the relevant formulas.

* Why is the method called “first order”?

¢ Is the method exact?

» Explain the principle steps of the method alongside an example. Make sketches and

* How are non-normal random variables handled? Mention two possibilities.
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Chapter 4

Introduction to Probabilistic Load and
Material Modelling

Any reliability analysis depends on the choice of an appropriate probabilistic representation of
loads effects and resistances.

Some basic principles are introduced in this chapter.

It is understood that modelling is an art of reasonable simplification of reality such that the
outcome is sufficiently explanatory and predictive in an engineering sense. An important aspect

of an engineering model is its operationability, i.e. the ease in handling it in applications.

1. Recapturing basic principles of probability theory

2. Theoretical aspects

2.1. Recapturing basic principles of probability theory

The uncertainty about the occurrence of events is generally expressed in terms of probabil-
ity. Probability of an event A can take numbers in the closed interval between zero and one,
P(A) € [0,1]; loosely speaking P(A) = 0 indicated that A is impossible, P(A) = 1 means that
A is certain. Probability theory is the branch of mathematics concerned with probability cal-
culus. Formally, probability is defined via the 3 Kolmogorov axioms, named after the Russian
mathematician Andrey Kolmogorov (published in 1933):

e First axiom (basic measure):
The probability of an event is a non-negative real number:

P(A)ER,P(A) >0 VYAeQ

where (2 is the event space.

e Second axiom (unit measure):
The probability that some (at least one) event will occur is one, i.e.

P(Q) = 1.
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The second axiom is also referred to as axiom of unitarity.

* Third axiom (combination):
Any countable sequence of mutually exclusive events A;, A,, ... (synonymous with dis-
joint sets) satisfies

P (Ufil A;) = Zi’il P(4;)
The third axiom is also referred to as axiom of o—additivity.

Statistics is a branch of mathematics dealing with the collection, organization, analysis, inter-
pretation and presentation of data.

Based on the probability theory and statistical assessments it is possible to represent the un-
certainties associated with a given engineering problem in the decision making process. These
topics are addressed with some detail in this chapter aiming to provide a fundamental under-
standing of the notion of uncertainty. An appropriate representation of uncertainties is available
through probabilistic models such as random variables and random processes. The characteri-
zation of probabilistic models utilizes statistical information. The general principles for this are
shortly outlined in this chapter as well.

2.2. Interpretation of Probability

The purpose of the theory of probability is to enable quantitative assessment of probabilities.
However, the real meaning and interpretation of probabilities and probabilistic calculations as
such is not a part of the theory. Consequently, two people may have completely different in-
terpretations of the probability concept, but still use the same calculus. In the following, three
different interpretations of probability are introduced and discussed based on simple cases. A
formal presentation of a basic set of theory and the axioms of probability theory may be found
in basic standard literature.

2.2.1. Frequentistic Definition

The frequentistic definition of probability is the typical interpretation of probability of the exper-
imentalist. In this interpretation the probability is simply the relative frequency of occurrence of
the event as observed in an experiment with trials; i.e. the probability of an event is defined as
the number of times that the event occurs divided by the number of experiments that is carried
out:

P(A) = lim Na

Nexp—00 Thexp

(4.1)

where N4 is the number of experiments where A occurred and 7.y, is the total number of
experiments.

If a frequentist is asked what is the probability for achieving a “head” when flipping a coin,
she would principally not know what to answer until she would have performed a large number
of experiments. If say after 1000 experiments (flips with the coin) it is observed that “head” has
occurred 563 times the answer would be that the probability for “head” is 0.563. However, as
the number of experiments is increased the probability would converge towards 0.5. In the mind
of a frequentist, probability is a characteristic of nature.
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2.2.2. Classical Definition

The classical probability definition originates from the days when the probability calculus was
founded by Pascal and Fermat'. The inspiration for this theory was found in the games of cards
and dice. The classical definition of the probability of the event A can be formulated as:

P(A) = 4 4.2)

Mot

where n 4 represents the number of equally likely ways by which an experiment may lead to
A and ny,; is the total number of equally likely ways in the experiment.

According to the classical definition of probability, the probability of achieving a “head”
when flipping a coin would be 0.5 as there is only one possible way to achieve a “head” and
there are two equally likely outcomes of the experiment.

In fact, there is no real contradiction to the frequentistic definition, but the following differ-
ences may be observed:

1. The experiment does not need to be carried out as the answer is known in advance.

2. The classical theory gives no solution unless all equally possible ways can be derived
analytically.

2.2.3. Bayesian Definition

In the Bayesian interpretation the probability P(A) of the event A is formulated as a degree of
belief that A will occur:

P(A) = degree of belief that A will occur 4.3)

Coming back to the coin-flipping problem, an engineer following the Bayesian interpretation
would argue that there are two possibilities. As she has no preferences as to “head” or “tail” she
would judge the probability of achieving a “head” to be 0.5.

The degree of belief is a reflection of the state of mind of the individual person in terms
of experience, expertise and preferences. In this respect the Bayesian interpretation of proba-
bility is subjective or more precisely person-dependent. This opens up the possibility that two
different people may assign different probabilities to a given event and thereby, contradicts the
frequentistic interpretation that probabilities are a characteristic of nature.

The Bayesian statistical interpretation of probability includes the frequentistic and the clas-
sical interpretation in the sense that the subjectively assigned probabilities may be based on ex-
perience from previous experiments (frequentistic) as well as considerations of e.g. symmetry
(classical).

The degree of belief is also referred to as a prior belief or prior probability, i.e. the belief,
which may be assigned prior to obtaining any further knowledge. It is interesting to note that
Immanuel Kant?> developed the purely philosophical basis for the treatment of subjectivity at

Blaise Pascal, philosopher and mathematician, 1623-1662 ; Pierre de Fermat, mathematician, 1601-1665. The
probability in definition in Eq. (4.2) is often called “Laplace probability” (Pierre-Simon de Laplace, mathematician,
1749-1827).

’Immanuel Kant, philosopher, 1724-1804
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the same time as Thomas Bayes® developed the mathematical framework, later known as the
Bayesian statistics.

Modern structural reliability and risk analysis is based on the Bayesian interpretation of prob-
ability. However, the degree of freedom in the assignment of probabilities is in reality not as large
as indicated in the above. In a formal Bayesian framework, the subjective element should be for-
mulated before the relevant data are observed. Arguments of objective symmetrical reasoning
and physical constraints, of course, should be taken into account.

2.2.4. Practical Implications of the Different Interpretations of Probability

In some cases probabilities may adequately be assessed by means of frequentistic information.
This is e.g. the case of the probability of failure of massively produced components, such as
pumps, light bulbs and valves. However, in order to utilize reported failures for the assessment
of the probability of failure for such components, it is a prerequisite that the components are in
principle identical, that they have been subject to the same operational and/or loading conditions,
and that the failures can be assumed to be independent.

In other cases when the considered components are e.g. bridges, high-rise buildings, ship
structures or unique configurations of pipelines and pressure vessels, these conditions are not
fulfilled. In these cases, the number of identical structures may be very small (or even just one)
and the conditions in terms of operational and loading conditions are normally significantly
different from structure to structure. In such cases the Bayesian interpretation of probability is
far more appropriate.

The basic idea behind the Bayesian statistics is that lack of knowledge should be treated by
probabilistic reasoning, similarly to other types of uncertainty. In reality, decisions have to be
made despite the lack of knowledge and probabilistic tools are a great help in that process.

2.3. Uncertainties in Engineering Problems

For the purpose of discussing the phenomenon uncertainty in more detail, let us initially as-
sume that the universe is deterministic and that our knowledge about the universe is perfect. This
implies that it is possible to achieve perfect knowledge about any state, quantity or characteristic,
which otherwise cannot be directly observed or has yet not taken place, by means of e.g. a set
of exact equation systems and known boundary conditions by performing an analysis. Thus, the
future, as well as the past, would be known or accessible with certainty. Considering the beam
design optimization problem, it would thus be possible to assess the load bearing resistance of
the beam and the exact magnitude of the maximum load which would occur in a given reference
period. Therefore, an optimal decision can be achieved by a deterministic cost benefit analysis.

Whether the universe is deterministic or not was a rather deep philosophical and physical
question that cumulated to a kind of showdown in the 1920s. Albert Einstein was, e.g. quoted
(freely translated from German) as ”(God) is not throwing dices” with the corresponding impli-
cation in 1924. Only 3 years later Werner von Heisenberg formulated his ”Uncertainty Princi-
ple” in 1927 and since then the assumption of a fundamental random character of the world has
become common knowledge.

3Thomas Bayes, reverend and mathematician, 1702-1761
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In engineering decision analysis, subjected to uncertainties such as Quantitative Risk Anal-
ysis (QRA) and Structural Reliability Analysis (SRA), a commonly accepted view angle is that
uncertainties should be interpreted and differentiated in regard to their type and origin. In this
way, it has become standard to differentiate between uncertainties due to inherent natural vari-
ability, model uncertainties and statistical uncertainties. Whereas the first mentioned type of
uncertainty is often denoted aleatory (or Type 1) uncertainty, the two latter are referred to as
epistemic (or Type 2) uncertainties.

Considering again the beam example, it can be imagined that an engineering model might be
formulated where future extreme load levels are predicted in terms of a regression of previously
observed annual extremes. In this case, the uncertainty due to inherent natural variability would
be the uncertainty associated with the annual extreme load level. The model chosen for the
annual extreme load level events would introduce model uncertainties by itself. The parameters
of the model would introduce statistical uncertainties as their estimation would be based on a
limited number of observed annual extremes. Finally, the extrapolation of the annual extreme
model, to extremes over longer periods of time, would introduce additional model uncertainties.

Observed annual Model for annual A]eatoty
extreme water levels extremes Uncertainty
Epistemic
Uncertainty
Regression model to
predict future extremes

Predicted future
extreme water level

Figure 4.1: Illustration of uncertainty composition in a typical engineering problem.

The uncertainty associated with the future extreme load level is thus composed as illus-
trated in Figure 4.1. Whereas the so-called inherent natural variability is often understood as
the (aleatoric) uncertainty caused by the fact that the universe is not deterministic. It may also
be interpreted simply as the uncertainty that cannot be reduced by means of collection of addi-
tional information. It is seen that this definition implies that the amount of uncertainty due to
inherent natural variability depends on the models applied in the formulation of the engineering
problem. Presuming that a refinement of models corresponds to looking in more detailed at the
problem at hand one could say that the uncertainty is scale dependent.

The probability of flooding within a given reference period can be assessed, having formu-
lated a model for the prediction of future extreme load levels and the load bearing capacity of
the beam, taking into account the various prevailing types of uncertainties.

It is interesting to notice that the type of uncertainty associated with the state of knowledge is
time dependent. Following Figure 4.2, it is possible to observe an uncertain phenomenon when
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it has occurred. In principle, if the observation is perfect without any errors, the knowledge
about the phenomenon is perfect. However, the modelling of the same phenomenon in the fu-
ture is uncertain, as this involves models subjected to natural variability, model uncertainty and
statistical uncertainty. Often but not always, the available models tend to lose their precision
rather fast, so that phenomena lying just a few days or weeks ahead can be predicted only with
significant uncertainty. An extreme example of this concerns the prediction of the weather.

Opservatio? ‘

prediction

Futur®

Time

Figure 4.2: Illustration of the time dependence of knowledge.

The above discussion shows another interesting effect, namely that the uncertainty associ-
ated with a model concerning the future transforms, from a mixture of aleatory and epistemic
uncertainty to a purely epistemic uncertainty, when the modelled phenomenon is observed. This
transition of the type of uncertainty has a significant importance, because it facilitates that the
uncertainty is reduced by utilization of observations, i.e. updating.

2.4. Random Variables

The performance of an engineering system, facility or installation (in the following referred
to as system) may usually be modelled in mathematical physical terms, in conjunction with
empirical relations. For a given set of model parameters, the performance of the considered
system can be determined on the basis of this model. The basic random variables are defined as
the parameters that carry the entire uncertain input to the considered model.

The basic random variables must be able to represent all types of uncertainties that are in-
cluded in the analysis. The uncertainties that must be considered are, as previously mentioned,
the physical uncertainty, the statistical uncertainty and the model uncertainty. The physical un-
certainties are typically uncertainties associated with the loading environment, the geometry of
the structure, the material properties and the repair qualities. The statistical uncertainties arise
due to incomplete statistical information, e.g. due to a small number of materials tests. Finally,
the model uncertainties must be considered to account for the uncertainty associated with the
idealised mathematical descriptions used to approximate the actual physical behaviour of the
structure.
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Modern methods of reliability and risk analysis allow for a very general representation of
these uncertainties, ranging from non-stationary stochastic processes and fields to time-invariant
random variables, see e.g. Melchers (1987). In most cases, it is sufficient to model the uncertain
quantities by random variables, with given cumulative distribution functions and distribution
parameters estimated on the basis of statistical and/or subjective information. Therefore, the
following is concerned with a basic description of the characteristics of random variables.

2.4.1. Cumulative Distribution and Probability Density Functions

A random variable, which can take on any value, is called a continuous random variable. The
probability that such a random variable takes on a specific value is zero. The probability that a
continuous random variable, X, is less than or equal to a value, z, is given by the cumulative
distribution function:

Fx (x) = P(X <2) (44

Generally speaking, capital letters denote a random variable and lowercase denote an out-
come or a realization of a random variable. Figure 4.3 illustrates an example of a continuous
cumulative distribution function. For continuous random variables, the probability density func-
tion is given by:

_ dE(z)
 dx

Ix () (4.5)

F, (r)

A)

S (x)

B)

Figure 4.3: Illustration for a continuous random variable of A) a cumulative distribution func-
tion and B) a probability density function.

The probability of an outcome in the interval [z;d + dx] where dz is small, is given by
P(X € [x;x+dx]) = fx (2) dx.

Random variables with a finite or infinite countable sample space are called discrete random
variables. For discrete random variables, the cumulative distribution function is given as:

Px(z) = px() (4.6)

i <x
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where px (z;) is the probability density function given as:
px(z;) = P(X = ;) 4.7)

A discrete cumulative distribution function and probability density function is illustrated in
Figure 4.4.

Py (x)

T

A) - L
)C] ."(2 )C3 )C4
Py (x)
B) | | | 4 *

Figure 4.4: Illustration for a discrete random variable of A) a cumulative distribution function
and B) a probability density function.

2.5. Load bearing behaviour of materials

In general, it is distinguished between stiffness related material properties, as the Modulus of
Elasticity or the Shear Modulus, and the strength related material properties as ultimate strength
or yield strength. Probabilistic models for strength and stiffness related properties should take
into account the cause of variation and also the mechanical mechanism that leads to the corre-
sponding material behaviour.

2.6. Scales of (variability) modelling

Material properties vary locally in space and, possibly, in time. As far as the spacial variations
are concerned, it is useful to distinguish between three hierarchical levels of variation: macro
(global), meso (local) and micro, cf. Table 4.1.

Table 4.1: Hierarchical levels of variation.

Scale | Population | Reference name
macro (global) | set of structures | gross supply
meso set of elements | lot

meso (local) one element unit

micro aggregate level | reference volume
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A so-called hierarchical model for the material strength can be formulated, based on the
different scales of modelling. Accordingly, the variability of the material strength is subdivided.
As an example, the steel yield capacity might be represented by the following model:

X = exp (Vi +Y3)

where Y is representing the logarithm of the variable mean value of a lot of steel samples.
Y5 has a zero mean value and is representing the logarithm of the difference between the yield
capacity of one specimen and the logarithm of the mean value. This hierarchical representation
is convenient as it makes it easy to take into account the correlation of strength within one lot.

2.7. Brittle material

Some materials are brittle and rupture is initiated locally by the weakest material particle.
For these material the spatial variability of material strength is of importance. Therefore, the
model for ideal brittle materials is also called the weakest link theory, proposed by Weibull
(1939). If the strength X of the individual particles are assumed to be mutually independent and
identically distributed with distribution function F'x (x), the distribution function of the strength
R of a body with nuv,,,; identical loaded particles® is:

Fr(z)=1—(1—Fx (2))""" =1 —exp (nvyq In (1 — Fx (z))) (4.8)
The behaviour of In (1 — Fx (x)) for small arguments can be represented as:
In(1— Fx (2) 2 —c(z—x0)"; 2> 4.9)

where 1z is the smallest possible value of x, and c and £ are positive constants. Thus, Eq. (4.8)
can be written as:

Fr(z)=1-—exp (—cmjml ((x - :z:o)k>> (4.10)

An isotropic solid under a homogeneous stress distribution is considered. A reference volume
Vyol0» €-2- the volume of a standard test specimen, is introduced. Substituting cn by 1/(vye0w")

in Eq. (4.10) leads to:
v z—xo\"
Fr(z) =1—exp (— vol ( °> ) 4.11)
Vyol 0 w

which is the expression of a 3-parameter Weibull distribution. w is called the shape parameter
and k the scale parameter. The expected value F[R] and the variance Var|R] of R can be given

as: . o Lk
E[R] = 7o+ wl (1+—) ( 22 ) 4.12)

k Vol 0

Var [R] = 2(r(1+3> r2(1 1))(”vol)2/k (413
ar[ ]_w k B +k Vyol,0 . )

“n particles of finite volume v,
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where I (.) is the gamma distribution.

The expected value function decreases with the considered volume v,,;. For xy = 0, the co-
efficient of variation is independent of v,,,;. The size effect is observed for many brittle materials
such as hardened steel, concrete and stiff clay. The coefficient of variation and the correlation of
the strength of the reference volumes v, ¢ determine the importance of the volume effect.

Assuming unique failure probability for two material bodies with different volumes v,,; ; and
Uyt 2 gives the following expression:

k
Vyol,1 1 — Zo
FR (l’l, vvol,l) = 1- exXp | — ( =

Vyol 0 w
) NERY" 4.14)
= 1—exp |22 ( 2 0) = Fg (T2, Vpo,2)
Vyol 0 w
which results in: Lk 1k
Ty — Tp 1% zo=Q T3 Vi
T2 0 (2 i, G e 4.15
1 — X (‘/2) 1 (‘/2) ( )

Eq. (4.15) can directly be used to compare the load bearing capacity of different volumes, for
loading modes resulting in constant stress fields and brittle failure modes.

If an in-homogeneous stress distribution can be considered by introducing the stress s (&1, &2, &3)
as a product of a reference stress s, (e.g. the maximum stress in the body) and a non-dimensional
function h (£, &2, £3), the probability distribution function of the strength r of the body can be
written as:

k
Fr(z) =1 —expd —— / (mh(gl’&’&‘) “’0) AUyl (4.16)
Uvol,0 Jah(&1,€2,65) >0 w

Eq. (4.16) is utilized in Johnson (1953) to compare the mean strength of beams, for various
support and loading conditions, with the standard deviation of the reference strength. A graphical

representation of the result of these calculations is presented in Figure 4.5. The ordinate in the
figure is the mean strength of the beam, normalized with the strength of a beam loaded by a
constant bending moment. It is seen that the mean strength of beams exposed to other load
configurations is larger. Also, it increases for increasing coefficient of variation of the material
strength.

2.8. Probabilistic load modelling

In the following, the term load will be related to forces acting on structural components and
systems. Nevertheless, the notions and concepts introduced will, to a large extent, be valid for
other types of influences, such as temperature, aggressive chemicals and radiation “acting from
the outside” of the engineering system of consideration.

Loads and/or load effects are uncertain due to:

1. Random variations in space and time

2. Model uncertainties
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Figure 4.5: Comparison of mean strength of rectangular beams with various loading conditions
and standard deviation of reference volume strength. From Johnson (1953).

3. Statistical uncertainties.

Whereas the model uncertainties associated with the physical model, used to represent the
loads and/or load effects in the reliability analysis, may be represented by random variables,
the loads themselves are usually time and space varying quantities. Therefore, they are best
modelled by stochastic processes.

The following features of the loads may be characterized: their nature in regard to the vari-
ability of their magnitude in time; the variability in regard to their position in time; and their
nature in regard to their effect on the engineering system. Knowing these characteristics is a
prerequisite for the probabilistic modelling. It is often helpful to categorize loads according to
the following descriptors:

1. permanent or variable
2. fixed or free

3. static or dynamic.

By way of example, consider the case where the reliability in regard to ultimate collapse of
a reservoir structure is analyzed. The considered load acting on the structure is the hydrostatic
pressure due to the water contained in the reservoir. As the hydrostatic pressure varies with
the water level in the reservoir, which is dependent on the amount of rainwater flowing into
the reservoir, the loading must be considered to be variable in time. Furthermore, due to the
characteristics of the hydrostatic pressure, the loading is assumed fixed in space. Finally, as the
reliability of the reservoir structure is considered in regard to an ultimate collapse failure mode
and is dynamically insensitive, the loading may be idealized as acting static.

Having identified the characteristics of the considered load, the probabilistic modelling may
proceeded by:

* specifying the definition of the random variables used to represent the uncertainties in the
loading;

* selecting a suitable distribution type to represent the random variable;
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* assigning the distribution parameters of the selected distribution.

In practical applications, the first point is often more important. It requires a clear definition
of the reliability problem to be considered. For the considered example, the random variable
can e.g. only be concerned about the modelling of the random variations in time of the reservoir
water level. The second point cannot be performed on the basis of data alone. It requires the
simultaneous consideration of data, experience and physical understanding.

2.9. Time variable load

Many loads are variable in time and might be appropriately represented by random processes.
However, if the problem at hand can be assumed time invariant, it is sufficient to represent the
variable loads with extreme value distributions.

Statistical Assessment of Extreme Values

In risk and reliability assessments, extreme values (small and large) of random processes in
a specified reference period are often of special interest. This is e.g. the case when considering
the maximum sea water level, maximum wave heights, minimum ground water reservoir level,
maximum wind pressures, strength of weakest link systems, maximum snow loads, etc.

For continuous time-varying loads, which can be described by a scalar, e.g. the water level
or the wind pressure, one can define a number of related probability distributions. Often, the
simplest option, namely the arbitrary point in time distribution, is considered.

If z(t*) is a realization of a single time-varying load at time ¢*, then F'x(z) is the arbitrary
point in time cumulative distribution function of X (¢) defined by:

Fy = P(X(t*) < z(t")) (4.17)

In Figure 4.6, time series of measurements of the maximum wind speed are given per six
months, per year and per five years. In addition to that, the histograms shows the sampling
frequency distribution. These are the arbitrary point in time frequency distribution and the fre-
quency distribution.

In the following, some results are given concerning the extreme events of trials of random
variables and random processes, see also Madsen et al. (1985) and Benjamin et al. (1970).
Asymptotic results are given taking basis in the tail behaviour of cumulative distribution func-
tions, leading to the so-called extreme value distributions.

2.9.1. Extreme Value Distributions

When extreme events are of interest, the arbitrary point in time distribution of the load variable
is not of immediate relevance. The distribution of the maximal values of the considered quantity
over a given reference period is then regarded.
If the random process X (#) may be assumed to be ergodic’, the distribution of the largest
max

extreme in a reference period T FY7 (x) can be thought of as being generated by sampling
values of the maximal realization x,,,, from successive reference periods 7.

3 A process is denominated ergodic if its time average converges to its mean. Thus, it statistical properties can
be inferred from a sufficiently long random sample.
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Figure 4.6: Time series and corresponding sample frequency histograms of recorded half yearly,
annual and five year maximum observed wind velocities.

The cumulative distribution function of the largest extreme in a period of n 7', F¥'0%. () may
be determined from the cumulative distribution function of the largest extreme in the period 7,
F;?*}X(a:), by:
Fyor(x) = FX7 (x)" (4.18)
Eq. (4.18) follows from the multiplication law for independent events. The corresponding
probability density function may be established by its differentiation, yielding:

Ror(x) = n FRy(«)" ' 5 (x) (4.19)

In Figure 4.7, the case of a Normal distribution with mean value equal to 10 and standard
deviation equal to 3 is illustrated for increasing n.

Similarly to the derivation of Eq. (4.18), the cumulative distribution function for the extreme
minimum value in a considered reference period 7', F;?;?T(x) may be found as:

Feinp(z) =1—(1— Fyip(z)" (4.20)
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Figure 4.7: Normal extreme value probability density functions.

Subject to the assumption that the considered process is ergodic, it can be shown that the
cumulative function for an extreme event F¢3*(x) converges asymptotically (as the reference
period n T' increases) to one of three types of extreme value distributions, i.e. type 1, type II or
type III. To which type the distribution converges depends only on the tail behaviour (upper or
lower) of the considered random variable generating the extremes, i.e. FZ5 ().

In the following, the three types or extreme value distributions are introduce and the condi-
tions under which they may be assumed are discussed. In Table 4.2, the definition of the extreme
value probability distributions and their parameters and moments is summarized.

Table 4.2: Probability distributions, Schneider (1994).

Distribution type ‘ Param. | Mean and Standard deviation
Extreme Type I
Gumbel max u 0.577216
'LL = U _|_ -
—o00o <z <00 a>0 T «
o= ——
Fx(@) = /6

aexp(—a(z —u) — exp(—a(z — u)))
Fx(x) = exp(—exp(—a(z — u)))
Extreme Type [

Gumbel min
—00 <z < o0 a>0 T @
fx (@) = aexp(a(z —u) — exp(a(z —u))) av/6

Fx(z) =1 — exp(—exp(a(z — u)))
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Extreme Type 11

1
Frechet max u>0 u—s+(u—s)I‘<1—>,k>1
e<z<oo, u, k>0 k>0 k

ka(x) » e o= (u—52) 1
A () e (- (1)) Jr(-2)-r(1-g) e
Fx(z) =exp <_ <Z:§)k>

Extreme Type III 1
We<ibull<min e w0 u:€+(u—e)].“<1+k>
e<zx<oo, uk> o=
T k>0

fx(m) = 2 9 1
k z—e\"? z—e\F © (u=e)y/T 1+E - 1+E
u—a(u—s) P <_ (u—e) > N <0’>_1'09

X ~
Fx(x) =1—exp (— (ac €> ) :

u—e€

Type I Extreme Maximum Value Distribution - Gumbel max

For upwards unbounded distribution functions F'x (z), where the upper tail falls off in an
exponential manner, the cumulative distribution of extremes in the reference period 7' F¥()
has the form shown in Eq. (4.21). This is the case for the exponential function, the Normal
distribution and the Gamma distribution.

FY7 (7) = exp(—exp(—a(r — u))) (4.21)

with corresponding probability density function:

max

XT (x) = aexp(—a(r — u) — exp(—a(r —u))) (4.22)

This is also denoted the Gumbel distribution for extreme maxima. The mean value and the
standard deviation of the Gumbel distribution may be related to the parameters « and « as:

o~ 0.577216
fxmex = U+ — = u+ ——
T o (4.23)

o = —
XHlaX
T a\/g

where + is the Euler’s constant.

Q

The Gumbel distribution has the useful property that the standard deviation is independent
on the considered reference period, i.e. o Xmax = O xmax, and that the mean value p X max depends
on n in the following simple way:

6
IUJX;?;X = ILLX%nax + ?O'ijgax ln(n) (424)

Finally, manipulating Eq. (4.21) by utilizing a Taylor expansion to the first order of In(p) in
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p = 1, it can be shown that the characteristic value x., corresponding to an annual exceedance
probability of p and corresponding return period Tz = 1/p can be written as:

1
ze = u+ —In(Tg) (4.25)
«

This shows that the characteristic value, i.e. a typical engineering decision parameter, in-
creases with the logarithm of the considered return period. This expression is valid for a Gumbel
max distribution for large return periods.

Type I Extreme Minimum Value Distribution - Gumbel min

In case the cumulative distribution function F'x () is downwards unbounded and the lower
tail falls off in an exponential manner, symmetry considerations leads to a cumulative distribution
function for the extreme minimum F)r(m%(m) within the reference period 7' of the following form:

FY(z) =1 — exp(— exp(a(z — u))) (4.26)

with corresponding probability density function:

min

X,T(x) = aexp(a(r —u) —exp(a(z —u))) 4.27)
This is also denoted the Gumbel distribution for extreme minima. The mean value and the
variance of the Gumbel distribution can be related to the parameters v and « as:

N T 1
A _a a (4.28)

o min — =
X7 a\/é

Type II Extreme Maximum Value Distribution - Frechet max

For cumulative distribution functions downwards limited at zero and upwards unlimited with
a tail falling off in the form:

k
Fx(z)=1-8 G) (4.29)

the cumulative distribution function of extreme maxima in the reference period T' F'¢% ()
has the following form:

k
(o) = exp(= () (430)

with corresponding probability density function:

) = - (D) e (4)) (431)

U \T

which is also denoted the Frechet distribution for extreme maxima. The mean value and the
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variance of the Frechet distribution can be related to the parameters « and k as:

1
Hxmax = ul'(1 — %)
, , o 1 (4.32)

where it is noticed that the mean value only exists for £ > 1 and the standard deviation only
exist for £ > 2. In general, it can be shown that the i moment of the Frechet distribution exists
only when k£ > 7.

Type III Extreme Minimum Value Distribution - Weibull min

In the case where the cumulative distribution function F'y(x) is downwards limited at £ and
the lower tail falls of towards ¢ in the form:

F(x) =c(x — &)k (4.33)

leads to a cumulative distribution function for the extreme minimum F¥7(x) within the
reference period 7" of the following form:

k
Fin(z) = 1 — exp (— (i - i) ) (4.34)

with corresponding probability density function:

: k P z—e\"
xr(T) = P (u — 6) exp (— (u—s) ) (4.35)

which is also denoted the Weibull distribution for extreme minima. The mean value and the

variance of the Weibull distribution can be related to the parameters u, k and ¢ as:

1

, 2 [peq 9 — 1 (4.36)
g = (=2 [T+ 2) =20+ )
Return Period for Extreme Events
The return period Ty for an extreme event may be defined by:
1
Tp=nT = (4.37)

(1= FR7(z))

where 7' is the reference period for the cumulative distribution function of the extreme events
FR% (). If as an example the annual probability of an extreme load event is 0.02, the return
period for this load event is 50 years.
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2.10. Load combination

Load variables and other actions are typically time-varying quantities and are usually mod-
elled as stochastic processes {Q(t)}.

Q1)

T /
Figure 4.8: Stochastic process representing the time-varying load () and maximum value in
period T.

When the process is continuous, the probability distribution representing the maximum value
in a reference period 7' is very closely approximated by one of the asymptotic extreme value
distributions. The most commonly applied in structural reliability is the Gumbel distribution. In
such a way, the load is modelled by a stochastic variable ()'** instead of modelling a stochastic
process. The random variable ()7/** is independent on point in time ¢ but strictly related to the
reference period 7', which is usually one year.

The above simplification cannot be applied when more than one time-varying load act si-
multaneously on the structure then. The reason is that the determination of the distribution of
the combined load effect requires knowledge of the detailed variation in time of the individ-
ual loading processes. This is clear in Figure 4.9, where the maxima of {Q1(¢)}, {@2(¢)} and
{Q1(t)+Q2(t)} in the reference period 7" do not appear at the same time. Moreover, the maxima
of the sum-process is smaller than the sum of the maxima of (); and ()5. It is clear that detailed
knowledge of the variation in time of the two processes is required and that the knowledge of
the maxima of the individual processes gives insufficient information to evaluate the combined
effect.

The characteristic of the sum-process can be obtained from theory of stochastic processes.
We will focus on a simpler solution presented in the following.

2.10.1. Ferry-Borges and Castanheta load model

A simple but rather accurate method for combining loads is the so-called Ferry-Borges and
Castanheta load model (FBC). In this model real processes are largely simplified in such a way
that the mathematical problem connected with estimating the distribution function of the maxima
is greatly simplified.

For each load process {Q;(t)} it is assumed that the load changes after equal so-called ele-
mentary intervals of time 7;, see Figure 4.10. The reference period 7" (e.g. 1 year) is divided
into n; time intervals of equal duration 7; = T'/n; (n; is called repetition number). Moreover,
the load is constant in each elementary interval. In other words, the process is modelled as a
rectangular pulse process. The loads in each elementary interval are mutually independent and

Page 90



Chapter 4. Introduction to Probabilistic Load and Material Modelling

50

Qi
Q) 4
Q,m+a,

400

Figure 4.9: Stochastic processes ()1 and Qo and their sum.

identically distributed random variables, the distribution function Fy, is called point-in-time
distribution.
The distribution representing the maxima in the reference period 7 is then Figma: = (Fi, ) 1/ni

9,

Figure 4.10: FBC processes for Q1 (n1 = 5) and Q5 (ny = 360) in a reference period T' = 360.

When two or more load processes { Q1 (¢)}, {Q2(t)}, ..., {Q,(t) } are considered, it is assumed
in the FBC that they are mutually independent with integer repetition numbers n; < ny < ... <
n, and the ratios n; /n;_; to be positive integer numbers for all 1.

FBC for two loads

The combination rule for two variable loads is then:

* Load combination 1: () leading + ()2 accompanying:

max{n; reps. of @1} + max{ny/n; reps. of Q2}

* Load combination 2: () leading and (), accompanying:

max{ns reps. of 2} + max{1 rep. of Q1 }
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The procedure is illustrated in Figure 4.11 and Figure 4.12.

9,

max of 5
reps. of O,

max of 360/5
reps. of O,

Figure 4.11: LCI for Q1 (nqy = 5) and Q5 (ny = 360).

9,
max of 1
rep. of O,

max of 360
Il reps. of O,

Figure 4.12: LC2 for Q)1 (ny = 5) and Q5 (ny = 360).

FBC for three loads

The combination rule for three variable loads is then:
* Load combination 1: (), leading + (-, ()3 accompanying:
max{n; reps. of 1} + max{ny/n; reps. of Q2} + max{ns/n; reps. of Q3}
* Load combination 2: )5 leading and ()1, ()3 accompanying:
max{ns reps. of ()2} + max{1 rep. of @)1} + max{ns/ny reps. of Q3}
* Load combination 3: (), leading + ()3, ()2 accompanying:
max{n; reps. of Q1 } + max{ns/n; reps. of Q3} + max{1 rep. of Q5 }
* Load combination 4: (03 leading and (), ()2 accompanying:

max{ng reps. of @3} + max{1 rep. of @1} + max{1 rep. of @2}
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FBC for r loads

In general, for r loads there are 2"~! load combinations to be considered.

3. Practical exercises

P4.1. Load combination

Consider the simply supported beam in Figure 4.13, with span [ = 5000 mm, rectangular
cross-section with area A = bh, with b = 200 mm and » = 300 mm. The material strength is
designated by F},,. The beam is subject to two time-variant loads (); and ()5, which are mod-
elled as a FBC process. The distributions representing the material strength and the load yearly
maxima are given in the Table 4.3. The rectangular pulse process is illustrated in Figure 4.10.

Table 4.3: Basic random variables, reference period T' = 1 yr.

mean C.o.V. | n;
F,,, (Normal) 20 MPa | 0.1 /
77" (Gumbel) | 2 N/mm | 0.2 5
57 (Gumbel) | 4 N/mm | 0.4 360

Q,
Q,

/N 2

Figure 4.13: Simply supported beam with two time-variant loads.

P4.1.1. LC formulation

Formulate the load combinations to be considered and their associated limit state function.

P4.1.2. Computation of failure probability

Compute the yearly probability of failure of the beam using FORM. Note that the limit state
function is highly non-linear and a numerical solver need to be used. The approximated method
used in the course is not applicable since it is not possible to collect beta.

P4.1.3. Additional exercises

1. Re-derive the load combination for 2 and 3 variable loads according to FBC method.

2. Derive the combination rule for 4 variable loads.
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3. Evaluate the reliability index of the beam presented in the exercise considering yearly
maxima of (); and (), acting simultaneously. Do you expect a lower or larger reliability
index? Why?

4. Derive the mean and standard deviation of the Gumbel distribution representing the max-
ima of (); and (), over a reference period of 5, 10 and 100 years.

5. Evaluate the reliability index of the beam for a 50-year period assuming that failure among
years is independent. Hint: the structure fails in the period 7" = 50 yr if it fails in any one
year. This is a series system with 50 components, each of them has a failure probability
of Py compi = Pr1yr = ®(—P1yr), then we have that Py 50, = Pr system-
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Question::
Probability in Engineering

* What different interpretations of probability do you know? Which one is most suited
for engineers and why?

* Mention some examples for epistemic and aleatory uncertainties. Why is the differen-
tiation relevant for engineering decision making?

* Mention 3 different probability distributions and explain which relevant phenomena can
be represented by them and why.

Question::
Extreme Value Distribution

* What phenomena can be represented with an extreme value distribution?
* How can an extreme value distribution derived?

* How are scale or time effects represented by extreme value distributions? Make an
example.

* Explain a method for representing the combined effect of two independent variable
loads.
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Chapter 5

Structural Design Standards

Structural design standards are used for the daily design of structures. They comprise of sim-
ple rules that represent the current best practice and are generally applied to regular structures.
Structural design standards do not account for risk, reliability and uncertainty in an explicit
manner. However, the safety concept that is implemented is taking reference to uncertainty and
reliability implicitly in terms of partial safety factors and characteristic values.

In this chapter, it is demonstrated that structural design standards correspond to the societal
preference for safety and cost effectiveness. A direct correspondence between reliability and the
choice of partial safety factors is developed for particular cases. However, it is also shown that the

set up of structural design codes is merely a problem of proper generalisation and simplification.

1. Concepts

1.1. Levels of design

The design of a structure is in principle a decision problem with the objective to identify a
structural design with a performance that maximizes the expected utility (or equivalently mini-
mizes the expected cost) for the corresponding decision maker, see the first chapter of this com-
pendium and Rackwitz (2000). A common attribute of these decisions is that they have to be
performed subject to uncertainties. In general, different levels of detail for the assessment of the
structural performance are distinguished (ISO 2015); risk informed decision making, reliability
based design, and semi-probabilistic design (see overview in Figure 5.1).

The three different approaches are often associated to numbered levels: The semi-probabilistic
approach corresponds to Level 1, the reliability based approach to Level 2 or 3 (dependent on
the level of detail in uncertainty representation), and the risk informed approach corresponds to
Level 4. The approaches on the different levels closely correspond to each other. The ability to
account for the particular conditions of specific design situations and therefore identify a more
optimal design solution is also increasing with increasing level. That is the reason why higher
level approaches should be used to verify or calibrate lower level approaches. However, the
complexity and difficulty is increasing with increasing level and from a regulative perspective,
i.e. where a unified set of rules and assumptions for broad application shall be standardized, low
level approaches are advantageous since their inherent low level of detail goes along with the
allowance for broad generalization.
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Commonly applied when:

Risk-informed decision making: Exceptional design situations
- decisions are taken with due consideration in regard to uncertainties and

of the total risks (e.g. loss of lives, injuries, consequences. .
environmental and monetary losses Derivation of reliability requirements.

Reliability-based design and Unusual design situations

assessment: in regard to uncertainties.

- reliability requirement to fulfil.
Code Calibration.

Usual design situations in regard to
consequences and uncertainties.
Default method of most design codes.

Figure 5.1: Different levels of detail for the assessment of the structural performance as arranged
in ISO (2015)

1.2. Risk informed decision making

Risk informed decision making allows for the highest level of detail and follows broadly the
scheme of Bayesian Decision Analysis as outlined in the introduction to the course, see also
JCSS (2008). In the structural engineering context, decision alternatives may include struc-
tural measures, i.e. the dimension of cross sections, the choice of material grades, the design
of a superstructure, repair and strengthening etc., and non-structural measures as e.g. the im-
plementation of quality control and checking, inspection or the installation of structural health
monitoring. Simplification or enhancement in the representation of the decision problem by
models could also considered as a non-structural measure. It is assumed that executive decision
making is not mechanically following the results of the formal decision analysis but that the well
documented assessment informs the decision maker, such that he or she is able to identify his or
her final decision.

Risk informed decision making is very flexible and can be applied for systems of different
scale in space and time. Depending on the definition of the system boundaries, structural per-
formance attributes as e.g. sustainability, resilience, robustness and reliability can be addressed
within an analysis (Faber et al. 2018). The risk informed decision framework can also be applied
for the calibration of lower level decision making methods.

Guidance and standardisation for risk based decision making can be found in ISO (2015).
However, the flexibility and generality of the method requires a large amount of expertise and
experience from the person or group of persons elaborating on a risk based decision analysis.

1.3. Reliability based design

In reliability based design, the design decision is chosen such that it complies to a predefined
reliability requirement. The reliability requirement is defined based on past experience, i.e. spec-
ified as the inherent reliability of traditionally accepted design solutions (Baravalle et al. 2017),
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or it is based on formal calibration using risk informed methods. Following the latter, it may be
differentiated between different types of decisions on structures in regard to consequences and
the relative cost of implementing the decision as discussed in the later sections of this paper. In
reliability based design, it is possible to assess the effect of a decision on the structural perfor-
mance on a component level, i.e. only one possible failure mode is considered, or on a system
level, i.e. the interaction of different failure modes in a structure are considered. However, as
consequences are not represented explicitly in a reliability analysis, subordinate structural per-
formance attributes as robustness, sustainability and resilience can not be considered explicitly
by reliability based design.

Reliability based design is addressed in the international standard ISO (2015), more detailed
guidance on structural reliability methods and uncertainty representation in regard to models,
structural resistance and structural demands is found in the Probabilistic Model Code of the Joint
Committee on Structural Safety, (JCSS 2001).

1.4. Semi-probabilistic design

The semi-probabilistic approach corresponds to the lowest level of detail. Here, a design
decision is chosen such that it complies with the criterion that a design value of a resistance is
larger than a design value of a corresponding load effect. Design values for the load bearing
capacity r, are chosen to have a sufficiently low non-exceedance probability and design values
for loads e; are chosen to have a sufficiently low exceedance probability such that the design
criterion in the limit (r; = e4) corresponds to the required level of reliability.

In the so-called load and resistance factor design (LRFD) format (Ravindra et al. 1978) design
values are estimated based on characteristic values and partial safety factors yase.g. rq = 7¢/vm
for resistance variables and e; = g - e, for the effects of applied loads. Both, the definition
of the characteristic value and the choice of partial safety factor, is made in order to meet the
reliability requirements. However, the correspondence to reliability requirements is generally
made for domains of structures for that generalised assumptions in regard to consequences and
uncertainties are made. With semi-probabilistic design, structural performance on a compo-
nent/failure mode level can be assessed. The explicit consideration of the interaction of failure
modes in a structure, i.e. system effects, is not accommodated.

The principles of semi-probabilistic design are outlined in ISO (2015). It is the method of
choice for most structural design decision problems and executive guidance and standardisation
is found in several national and international design standards as, e.g. the Eurocodes (CEN
2002).

1.5. Relevance and correspondence

The different levels of engineering decision making are all relevant and support the super-
ordinate objective of the safe and optimal development and maintenance of structures in the build
environment. And the approaches on the different levels closely correspond to each other. The
ability to account for the particular conditions of specific design situations and therefore iden-
tify a more optimal design solution is increasing with increasing level. That is the reason why
higher level approaches are used to verify or calibrate lower level approaches. However, the com-
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plexity and difficulty is increasing with increasing level and from a regulative perspective, i.e.
where a unified set of rules and assumptions for broad application shall be standardised, semi-
probabilistic approaches are advantageous since their inherent low level of detail goes along with
the allowance for broad generalisation. The design, calibration and layout of simplified decision
making approaches, has to be based, directly or indirectly, on risk informed decision making,
as this is the only level of detail that allows for the explicit consideration of the superordinate
objectives in engineering decision making.

2. EUROCODE semi-probabilistic design

2.1. General framework and design values

In the Eurocodes a semi-probabilistic design method is introduced through partial factor de-
sign that is generally applied as default design method for common design situations. The partial
factor design format is formulated such that it facilitates the identification of acceptable and fea-
sible design solutions concerning new structures. The partial factor design format comprises:

* consequence class categorization (see EN1990 Annex B);

* design situations (see EN1990 and EN1991-EN1999);

* design equations (see EN1990 and EN1991-EN1999);

* design values (as determined according EN1990, section 6).

Design equations can in general be formulated for failure modes involving in principle both
failure of individual cross sections of the structures, as well as for failure modes involving the
failures of several cross sections of the structures. The principle form of the design equation is
given as (compare EN1990, equation 6.1):

T’d—edZO (51)

where the design values for the load bearing capacity r; and the action effect e, are obtained
from:
rq = ra(Xd;ad; 0a) (5.2)

€4 — €4 (fd;ad;Od) (53)

where:
Xq is a vector of design values of material properties;
fq is a vector of design values of actions;
aq is a vector of design values of geometrical properties;

04 is a vector of design values of model uncertainties.
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2.2. Partial factors

The design value of a basic variable Y is defined as the multiplication or division of a corre-
sponding partial safety factor vy and the characteristic value y;. Accordingly, Eq. (5.1) can be
rewritten in an extended form as:

T
£ =y > eq = vpe (5.4)
TR

A characteristic value yy, is taken as a specified p— fractile value from the statistical distri-
bution Fy (y) that is chosen to represent the basic variable, as:

yr = Fy' (p) (5.5)

where Fy (y) is the cumulative probability distribution function of the basic variable . Note:
Typical values for p are:

* resistance related variables: p = 0.05;
e permanent actions: p = 0.5;

* time-variable actions: p = 0.98.

The partial safety factors for the various actions and materials characteristics entering the
design equations are determined such as to account for the uncertainties associated with the loads
and resistances which are of relevance for the given design situation in such a way that design
solutions that fulfill the inequality in Eq. (5.4) are consistent with the reliability requirements of
the Eurocodes.

2.3. Reliability requirements in the Eurocodes

A basic requirement stated in the Eurocode is that structures shall sustain its anticipated
loads with appropriate level of reliability and in an economical way, see section 2.1(1) of EN
1990:2002. The term “appropriate level of reliability” is specified further in 2.2(3) where its
choice is related to relevant factors, including:

(a) the possible cause and /or mode of attaining a limit state;

(b) the possible consequences of failure in terms of risk to life, injury, potential economical
losses;

(c) public aversion to failure;

(d) the expense and procedures necessary to reduce the risk of failure.

A formal differentiation according to (a), (c) and (d) is not further considered in the present
version of the Eurocode. According to (b), structures and components are classified, e.g., regard-
ing the consequence of failure, whereas the reliability levels might be given either for classified
structures as a whole or for classified components (see 2.2(4) of EN 1990:2002).
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In EN 1990:2002, Annex B3.1, a classification of buildings and structures in terms of con-
sequences is defined (3 classes). It is mentioned that importance of a failure mode for the con-
sequences should be considered (see B3.1(2,3) of EN 1990:2002). This might lead to different
classification of different failure modes in one structure. In EN 1990:2002, B3.2 minimum reli-
ability levels for 3 consequence classes are recommended.

Table B2 - Recommended minimum values for reliability index £ (ultimate limit

states)
Reliability Class Minimum values for g
1 vear reference period 50 vears reference period
RC3 5.2 43
RC2 4.7 3.8
RCl1 42 33

Figure 5.2: Reliability requirements as stated in the EUROCODES.

2.4. Direct correspondence between reliability and design values - the design
value approach

For specific cases, a direct correspondence between the design value and the reliability re-
quirements can be established by the so called design value method. In order to demonstrate
this, the simple reliability problem is revisited, where one normal distributed resistance variable
R is compared with a normal distributed load variable S by a safety margin M that is defined
correspondingly as normal distributed (for independent R and S), i.e. M = R — S. Failure is
then defined as M = R — S < 0 and the failure probability as

pF:Pr(MzR—S<0)=cI>(O_“M)

oM

_ | ZHE + [s (5.6)
o+ 0%
=o(-p)
Thus, for this simple case, the reliability index /3 is defined as

8= KR — Hs (5.7)

o3+ o2
In structural design e.g. according to the Eurocodes, the reliability requirement is given as a
design requirement 3,.,. Therefore, it is useful to reformulate the above expression, i.e. to
facilitate the identification of a combination of R and S that comply with, say, ,., = 3.8 such
that 5 > B,¢,. The distance between the mean values that is in compliance with the required
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reliability is determined as j1r — jts > 3,40 m, Whereas o7 can be splitted into the contributions

from R and S as
s

2 2
\VOr+ 035

OR + /Breq gs

> 3 oR
HR — Hs = Teqm

Introducing the weighting factors aug and ag as

OR
AR = —F————
0% + 0%
b (5.8)
oy = ——————
0%+ 0%
and separating the resistance from the load side, the following expression is obtained:
UR — O‘RﬁreqaR Z Hs + &SﬁreqUS
MR (1 - aRBrquR) Z Hs (1 + OéSﬁrquS) (59)

Tq 2 Sd

with the coefficients of variation Vz and Vg and so-called design values r; and s,.

Note: Equation (5.9) looks very convenient for structural design as it suggests the separation
of load and resistance variables. But this is not really the case as the weighting factors aup and
ag contain the standard deviations of both variables. The implications of this are demonstrated
by the following example.

Example 1. Consider the simple example, where a tension rod with material capacity C' is ex-
posed to a load S. Both variables are considered as independent and normal distributed with
parameters given in Table 5.1. The cross section area a that complies with the reliability require-
ment f3,., = 3.8 is to be specified by the application of Eq. (5.9). The required design value r,

Table 5.1: Mean value 11 and coefficient of variation V' of the capacity C and the load S.

w v
Capacity C' [kN/mm? 1 0.10
Load S [kN] 1 034

for the resistance R = a - C' can be expressed based on Equation (5.9):

ra=a-pic (1 — arBreVe) > ps (14 asBregVs) = sa

aoc gs
a-po |1 — —==—==bredVc | 2 s |1 + —==—=—=FreqVs
: ( Vo + o ) a ( Vo + a2

, i.e. the cross section area a is chosen such that the equation above is fulfilled.

Unfortunately, the identification of a is not as straight forward as it looks, since both, ar and ag
are dependent on a. However, a solution can be found with a = 2.615 mm?, which corresponds
tory =s4 =2 kN and ap = 0.6153 and ovg = 0.7882.

Obviously, the same result is obtained based on Equation (5.7), i.e. without the splitting into
design values.
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a —_
a suchthat 3., =38 <= fo — Ms
a’o? + 0%

JAN

From the example it becomes obvious that the computation of the design value of the re-
sistance, 74, requires the evaluation of oy and this in turn requires the full evaluation of the
reliability problem. In order to circumvent this problem the EUROCODES introduce so-called
standardized o values. In order to develop the background for the choice of these standardized o
values it is useful to represent the considered simple reliability problem as it was first introduced
by Hasshofer and Lind in 1974.

2.4.1. Alternative representation of the simple reliability problem

Hasofer et al. 1974 suggested an alternative representation of the reliability problem and a gener-
alised definition of the reliability index that is also applicable to non-linear reliability problems
with non-normal random variables. Applied to the simple reliability problem from above, i.e.
one normal distributed resistance variable 2 is compared with a normal distributed load variable
S, a so-called limit state function is introduced, as

g(r,s)=r—s=0 (5.10)

The limit state function can be illustrated together with the joint probability density function of
Rand S, frs(r, s), compare Figure 5.3, where it can be seen that the limit state is dividing the
possible domain of r and s into a failure domain, g(r, s) < 0 and a safe domain, g(r, s) > 0. The
probability of failure can be computed by integrating the joint probability distribution function
over the failure domain, i.e.

pr = / frs(r,s)dr ds (5.11)
g(r,s)<0

By transforming the normal distributed random variables, 2 and .S into standard normal vari-
ables Ur = (R — ug)/og and Us = (S — us)/os, the limit state function can be written as a
function of ug and ug, as

g(ug,us) = (ugor + pgr) — (usos + ps) =0 (5.12)

Introducing the unit vector «, with the cosine of direction aug and a g, we find the reliability
index  geometrically (compare Figure 5.3) as the shortest (orthogonal) distance between the
limit state and the origin:

g(up,ug) = —ag-ug —ag-us =0

5.13
gu)=B—-a’u=0 G-15)

For the simple reliability problem the a-values and 3 are identical to Equation (5.7) and (5.8),
the different geometrical interpretation, however, is much more general, that is
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real space u-space

fR,S (Ta 3) fUR,Us (uraus) = d)(ll)

TJ\ 9(7“, 8) =0 Uy

_ 4

A
>

\

77
)
s

g(uraus) =0

Figure 5.3: Left: The simple reliability problem with the resistance r and the load s. The
topology of the joint probability density is indicated by the ellipses, the failure domain is below
the limit state g(r, s) = 0, the safe domain is above.

Right: The same problem represented in the standard normal space and with the variables up
and us. fu,uvs(ugr,us) = ¢(u) is the standard normal density.

The design point u* = af is the point on the limit state function g(u) = 0 that is closest
to the origin.

« is the normal vector on the limit state in the design point.

3 is the distance between the origin and the design point.

* In correspondence to Equation (5.7) ry = agrfor+ug and sy = agfos + g are defining
the coordinates of the design point and are referred to as the design values of the resistance
and the load.

Example 2. The alternative representation is applied to the example above and obviously, similar
results are obtained. The corresponding graphical representation can be inspected in Figure 5.4.

_TTHRA S —ps

UR =
OR ag - =3.8-0.7882 os

L QR- £ =3.8-0.6153

Figure 5.4: Illustration of Example 1 in the standard normal space.

A
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2.5. Derivation of generalized a-values

In the following, the derivation of a set of generalised a-values that provide sufficiently accu-

rate estimations of the design point for a relevant range of design situations is explored. Similar
considerations have been done by Konig et al. 1981 and their results have been adapted in the
current version of EN1990.
The idea is as follows: « is a unit vector of length 1. If a set of generalised a-values is se-
lected such that the corresponding vector sum is larger than 1, these generalised a-values could
be applied to a range of cases and still lead to design solutions that comply with the required
reliability. The idea is illustrated in Figure 5.5.

Figure 5.5: Illustration of the effect of the application of generalised a-values, oy, and o§ creat-
ing a range of design cases (indicated in green) for which compliance with the safety requirement
can be achieved.

Accordingly and for linear limit state functions and normal distributed variables R and 5,
the range of cases for which the generalised a-values, if applied in combination both on the load
and on the resistance side, result in design solutions that comply with the reliability requirement
can be represented by the angle 9 as

cosd = ﬁ = ; (5.14)

* *2 *2
5 Vag +ag
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2.6. The generalised a-values in the Eurocodes

In the Eurocodes (prEN 1990:E2020 and EN1990:2002) the generalised a-values for the
dominant resistance and load variable are

5.15

With 3., = 3.8 and following up the illustration in Figure 5.5, this corresponds to 5* = 4.04
and 6 = 19.8°. When Equation (5.9) is applied for evaluating the design values r; and s, the
design solutions identified based on the criterion r4; = s, have a reliability index larger than 3.8
for normal distributed variables and real a-values in the range of agp > —0.956 and ag < 0.9.

2.6.1. Generalisation of the Design Value Approach to other than Normal distributions

With proper transformation, the variables design value can be approximated.
Accordingly, the design value is defined as

ya = Fy 7 (@(ay b)) (5.16)

where y, is the design value of a variable Y, [y is its cumulative distribution function, ay
(with |ary |< 1) is a sensitivity factor indicating the importance of Y in the reliability estimation,
and [3; is the target value for the reliability index specifying the reliability requirement.

Design value y, and characteristic value y;, for some common distributions are determined
according:

Normal: Ya = py (1 + ay V)
yr = py (L+ 07 (p)W)

1
Log-Normal: 1, = /1y exp —§ln (1+V2) 4+ oy Bey/In (1 + Vx?))

1
Yk = My €xXp —5111 (1+ V) +2 ' (p)y/In(1+ Vﬁ))

V6
Gumbel: Ya=py | 1 — VY? (0.5772 +In (— In (@(ayﬁt))))

Yp =y | 1— Vy?(0.5772 +In(—In (p))))

The FORM sensitivity factors «y are resulting from the reliability analysis of the the design
situation at hand. If no reliability analysis is performed, the following Eurocode standardized
values can be used for a 50 years reference period:

* If Y represents a strength related variable: ay = —0.8
* If Y represents a load related variable: ay = 0.7

 If Y is dominating the reliability problem: oy = (—)1

Page 107



Section: Application examples TKT4196 - Aspects of Structural Safety

* If Y represents a secondary strength or load related variable: oy = —0.8 - 0.4 or oy =
0.7 - 0.4 correspondingly.

Self-weight is usually represented by a Normal distribution; Resistance variables are often
represented by a Log-Normal distribution; the extreme values per reference period of time-
variable actions are represented by the Gumbel distribution.

3. Application examples

E5.1. Code calibration

Geometry

The simply supported beam in Figure 5.6 is to be designed with a given target reliability. The
basic random variables that represent the situation are given in Table 5.3. The resulting beam
span and cross-section modulus are dependent on the design philosophy that is followed. The
following formats are to be considered: reliability based design, load and resistance factor design
and global partial safety factor.

Table 5.3: Basic random variables ( * = yearly maxima).

G Q" Fo
Distribution Normal Normal | Normal
Mean (ux) 2 N/mm 10000 N | 200 MPa
Standard dev. (ox) 0.30 N/mm | 4000 N | 20 MPa
Coeff. of var. (COVYy) 15% 40% 10%
Characteristic fractile (kx) | 0.50 0.95 0.05

Figure 5.6: Beam geometry and loads.

The limit state function for bending moment at mid-span is:

2

l l
9(fm:9,0) =W+ frn — gg —az < 0 (5.17)
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The corresponding reliability index is:
I [

Wpr,, — Heg —HQy
g = (5.18)

\/(Wapm)2 + <0Gg)2 + (JQE)Z

E5.2. Reliability based design

The beam cross-section I can be chosen such that the reliability index of the beam corre-
sponds to the target reliability, i.e. 8 = ;. This corresponds to the so-called reliability based
design. E.g. for/ = 6 m, the section plastic modulus giving 3 = $; is found to be W = 3.01-10°.
The cross-section plastic modulus is plotted against the beam length in Figure 5.7.

% 10°

10 15 20 25 30

Figure 5.7: Reliability based design for different beam lengths for [ = [, = 4.2.

ES5.2.1. Load and resistance factor design format

Although modern structural design codes (like Eurocodes) allow reliability based design, they
propose simpler design procedures in the semi-probabilistic design format, where design equa-
tions are written in the load and resistance factor design format (LRFD). This format is re-
ferred to as semi-probabilistic, since random variables (represented by distribution functions)
are reduced to design values, which are obtained from characteristic values as r4 = 71 /v (for
resistance) and s; = si7ys (for actions). The format is simpler, since the designer can check the
design just by comparing design values, without the necessity of using reliability analyses.
The design equation of the beam above is:
[2 l

W fmd — Ga— — qa— < 5.19
fm.d 9ag Qd4_0 (5.19)

where:

fm,k:

* fmd = —=; 9a = grYc and qq = q7Yq are the design values;
YR
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* fmrk = Fpi(kp,): gr = Fg'(ke) and g = F,'(kq) are the characteristic values
corresponding to the characteristic fractiles kg, ,, k¢ and kg, which are defined arbitrarily
and

* 7Y¢; Yr and v are the partial safety factors (p.s.f.).

The minimum cross-section plastic modulus satisfying Eq. (5.19) is:

2 n {
I JdKG 3 aKYQ 1
min fm,kz

TR

(5.20)

3.0.1. Calibration of partial safety factors for a given span

The p.s.f. need to be calibrated so that the design given in Eq. (5.20) fulfills a target safety. This
corresponds to answer the question which values of the p.s.f. in Eq. (5.20) provides a design (i.e.
W) associated with the level of risk 5 = [3,?

The limit state function in Eq. (5.17) is rewritten with W = W,,,;,.:

12 [
IKIG g + IxQy 12 l 0 501
- —g— —g- < )
9(fm-9:4) ok fm—9g —ay = (5.21)
YR
Consequently Eq. (5.18) becomes:
12 l
gKGg + IxVQ7y 12 I
M MFm MG 8 /"LQ4
8= TR = (5.22)
12 [
grGg + IxrQy N 12\ ? . 1\ 2
M UFm oG 8 UQ4
TR

where it is clear that the reliability of the design depends on the partial safety factors, i.e.
8= B(vr, Y6, 7Q)-

The calibrate partial safety factors (v, 76, 75) are found by setting 5(v, 76, 7) = Bt
Note that there are infinite sets of (g, V¢, 75) Which satisfy the equality. By fixing one p.s.f.
(e.g. 7 = 1.05) a unique set is obtained.

By way of example, setting [ = 6 m, the calibrated partial safety factors result in (v}, =

L.05,7¢ = 1.344,v, = 1.437), yielding W = 300610 mm?. Numerical minimization in
Matlab® has been used.
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Design value method - FORM sensitivity factors method

An alternative method for p.s.f. calibration makes use of the FORM sensitivity factors, which

are:
(e5) i)
lehry Q7
8 ALY (5.23)

—WO'Fm
W ST T T e T Ty

k=1(Wop,)? 2y 1y’
= or,) + 0G8 + UQ4 (5.24)

Introducing W = 3.01 - 10> mm? that was found for [ = 6 m, the sensitivity factors are
(ap,, = —0.699, ag = 0.698, i = 0.157). The corresponding partial safety factors are:

with:

fm,k 1+ (I)_1<ka) . COVFm

- - — 1.18
T T 1tap,BC0Vs,
qq 1—0—04@6,5-00‘/@
R —~131 525
197 4 T 1+ 2 (ko) COV, (5:23)

*_%_ 1+Qgﬁt'COVG —1.10
16T T 1+ o (ke)COVE

It is highlighted that the two sets of optimized p.s.f. (75 = 1.05,7¢ = 1.344,~5 = 1.437)
and (v; = 1.18,7§ = 131,95 = 1.10) are equivalent in the sense that they lead to the same
design (i.e. same W) and the same reliability index (i.e. § = 3; = 4.2) for [ = 6m.

Calibration of partial safety factors for different scenarios

In general, the optimized p.s.f. obtained above using the FORM sensitivity factor method result
in a reliability 5 # f;, for a beam span [ # 6 m, cf. Figure 5.8. This is due to the fact that
the fraction of the external moment induced by G (or () changes with the beam span. The
reliability for [ = 6 m is equal to the target, since that was the condition imposed for calibration.
The reliability index is therefore dependent on the beam span (or equivalently the ratio between
the moments induced by G and Q), i.e. 8 = B(Vr, Va, 70, ).

In order to get a constant reliability, i.e. independent of the geometry, a new set of p.s.f should
be calibrated for each beam length, see Figure 5.9. This is not practical and not implemented in
design codes. The problem is solved by finding the set of p.s.f which ensures the reliability to
be as homogeneous as possible over a range of possible scenarios. The set can be obtained by
solving the minimization problem in Eq. (5.26).

n

Jmin Z (B — Bi(vm: Ye Y0, i) (5.26)
TR VG VQ 1

The set of p.s.f obtained is (75, = 1.08,7¢ = 1.38,7¢ = 1.35). The corresponding reliability
is plotted in Figure 5.10.
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4.25

4.2

415+

Q
4.1r

—— [

10 15 20 25 30
Figure 5.8: Reliability index of the beam designed with p.s.f optimized for | = 6 m.

1.4 T T T T

Figure 5.9: Partial safety factors giving constant reliability, calibrated with FORM «-method
giving f = By = 4.2.

ES5.2.2. Global partial safety factor

An alternative (and older) format of semi-probabilistic design equations makes use of the global
safety factor (SF’). The design equation with the global safety factor applied on the mean values
reads:

> SF (5.27)

where the numerator is the mean value of the moment resistance and the denominator is the
mean value of the action induced moment.

The minimum cross-section plastic modulus satisfying Eq. (5.27) is:

SF 12 l
Woin = —— — - 5.28
i (MG8‘+UQ4> (5.28)

m

Page 112



Chapter 5. Structural Design Standards

4.25
4.2 ===::3‘-::3:3:::?!‘3333::3:333-““:333:3::333
415+
Q.

4.1r
405 —e—3(vr = 1.05;7¢ = 1.34; 79 = 1.44)

’ —— 0 3

Bopt(Yr = 1.08; 7¢ = 1.38;7¢ = 1.35)
4 I I I I
10 15 20 25 30
[ [m]

Figure 5.10: Comparison of the reliability index for p.s.f. calibrated for | = 6 m and for different
scenarios simultaneously (Bop).

Calibration of the global safety factor for a given span

As before, SF' can be calibrated so that Eq. (5.28) provides a design with the target level of risk.
The limit state function in Eq. (5.17) is rewritten with W = W,,,;,,:

SF 12 I 2
= — ) —g— —qg- < 2
9(fm,9,9) p (MG8+MQ4) fim 93 q4_0 (5.29)

m

Consequently Eq. (5.18) becomes:

SF 12+ l 12 l
T \Fag THey | pE. = o~ Hay

B = (5.30)
SF (P ? A, E ? (o] ?
— — —|o oG— oQ—
L, Ha 3 HeQ 7 ) OFm Gg Qy
where it is clear that the reliability of the design is depending on the global safety factor, i.e.
B =B(SF).
The global safety factor is calibrated by setting 5(SF') = ;. As an example, considering

| = 6 m, the calibrated global safety factor is found with numerical minimization in Matlab® to
be SF* = 2.51, giving W = 300610 mm?.

Calibration of the global safety factor for different scenarios

As before, the design performed with the calibrated SF' for [ = 6 m results in a different relia-
bility for different spans. The SF' can be calibrated so to give a reliability as homogeneous as
possible over the different design scenarios. Therefore, as previously, the SF' can be calibrated
by solving a minimization problem, cf. Eq. (5.31). The optimized S F’ obtained is SF™* = 2.20,
see Figure 5.11.
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5.5 T T T T
-0
—— (3 )
5 [|-e—- (optimized)

10 15 20 25 30

Figure 5.11: Reliability index for SF' calibrated for | = 6 m (in blue) and for different scenarios
simultaneously (in green).

460 7
0 4
440

430

Rel. Index 4.20 OO

410 7

400

390 7

3.80 + T 1 1 ; 1
6 11 16 21 26 31
I[m]

Figure 5.12: Comparison of  values for SF and LRF D formats before and after optimization.

n

min{ Y (B — B(SF*, 1)) (5.31)
1=1

Comments

It can be observed from Figure 5.10 and Figure 5.11 that, by changing the SF’ the curve is only
shifted up and down while the three p.s.f. shift and distort the curve. This leads to higher levels
of optimization (i.e. a flatter curve) with p.s.f.. The values of Y | (5; — 3:)” show clearly this
differences in the two formats. In fact, after optimization 37, (8, — B)* = 0.026 for the p.s.f.
format and ;" | (5; — @)2 = 1.88 for the global safety factor format. The load and resistance
factor design method offers therefore a more homogenized level of safety.
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Question::
Structural Standards and Reliability

* What is the partial factor design concept?
* How does it correspond to reliability?
* Why are multiple partial factors better than a single global safety factor?

* What is the idea behind “generalized a-values”? What is the potential, what are the
limitations?
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Chapter 6

System Reliability

’The fundamentals of system reliability analysis are introduced in this chapter.

1. Theoretical aspects

1.1. Introduction

So far, we considered failure as component failure, whereas the word “component” has no
literal meaning; it is used in the sense of failure mode. Component failure is thus defined by the
failure domain Q2 that is specified by a single limit state function g (x), which represents the
corresponding failure mode as:

Qr ={g(x) <0} (6.1)

In the context of structural reliability theory, a system is defined as a combination of different
failure modes. Correspondingly, the system state is described with a combination of several limit
state functions ¢g; (X), g2 (X), ..., gn (X), each representing one possible failure mode.

It is common to distinguish between two basic system configurations that correspond to either
the case where the realisation of a single failure mode equates to system failure, or the case where
system failure requires all individual failure modes to realize. The former system configuration
is in general referred to the serial system, the latter as parallel system. A combination of both
is called mixed system and can be always represented as a serial arrangement of parallel sub-
systems.

1.1.1. Serial Systems

The serial system fails if any of its components fails (if any of its possible failure modes realizes).
A block diagram of a series system is illustrated in Figure 6.1. These systems are also called
“weakest link” systems. Hence, the failure domain of a system composed of n elements is:

Qp = U {g; (x) < 0} (6.2)

Similarly, the probability of system failure is:
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o B o IR S VI s

Figure 6.1: Block diagram of a series system.

Pr(F,,,) = Pr (U mep,i> =1-Pr (ﬂ mem) (6.3)
=1

i=1

where Pr(Fj,;) is the probability of occurrence of the system failure event, Pr(F,,,, ;) is
the probability of failure of the component i and Pr(F,,,,;) the probability of survival or non-
failure of the component +.

If the different failure modes are independent, Eq. (6.3) can be further elaborated:

n

Pr(Fyy) = 1= [[Pr(Feomps) = 1= ] (1 = Pr(Fromp) (6.4)
=1 i=1

It shall be noticed that Pr(F},) increases with n. For small Pr(F.,,,), Eq. (6.4) can be
approximated by:

Pr(Fy,) ~ ZPr(Fcomp,i) (6.5)
i=1

1.1.2. Parallel Systems

A parallel system fails only if all of the failure modes of the structural system realize (all com-
ponents fail). These systems are also called “redundant” systems. A block diagram of a parallel
system is illustrated in Figure 6.2. The failure domain of a parallel system composed of n ele-
ments is thus:

0 = (V1o () <0) 66)

n B

Figure 6.2: Block diagram of a parallel system.

Similarly, the probability of system failure F,, can be related to component failure .., ;
as:
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Pr(F,,) = Pr (ﬂ Fmp> (6.7)

i=1

For independent failure modes, it follows:

Pr(Fyys) = [ [ Pr(Fuomp.) (6.8)
i=1
Notice that Pr(Fy,s) decreases with n.

1.1.3. Mixed Systems

A combined system or mixed system is a system consisting of both series and parallel systems.
In general, all kinds of combined systems can be reduced to a series of parallel sub-systems. For
example, the combined system in Figure 6.3 may be used to represent the failure of a structural
system, which fails if any of the sub-systems (parallel systems) representing failure of several
failure modes fail.

Combined system

— (%] ~.

(Equivalent) Series of m sub-systems

o

Figure 6.3: Block diagram of a mixed system.

The failure domain of a mixed system is given by:

m Ny

Qe =J[ g 0 <0} (6.9)

j=1i=1

where m is the number of parallel sub-systems (so-called cut-sets) connected in series and
n; is the number of elements connected in parallel in the 4t cut-set. If independence of the
components failure events can be assumed, the failure of the subsystem (parallel system) j is
calculated using Eq. (6.8) as:

Pr(-Fcut—set,j) =Pr (ﬂ Fcomp,i,j) = H Pr(Fcomp,i,j) (610)
=1 =1

The failure of the whole system is calculated using Eq. (6.4) as:
Pr(Fy.) =1— ] (1 = Pr(Feu—sets)) (6.11)

Jj=1
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12}4 3 -

Pr(Fys) = 1 — (1 —Pr(F,) Pr(F,))(1 — Pr(Fs))

Assuming independence

FLL=F1nFZ

Fsys:FaUFZS
=(FNFK)UR

Figure 6.4: Example of mixed system.

1.2. Simple bounds for system reliability of failure

The above given results for serial-, parallel- and mixed systems are conditional to the assump-
tion of independent failure modes. For many practical applications, however, this assumption
is not appropriate. At the same time it is often difficult to quantify the dependence of different
failure modes. For these cases the so-called simple bounds for the system reliability define an
interval in which the system probability of failure is contained, i.e. the bounds are thereby de-
fined by two extreme assumptions, i.e. considering the components as either fully independent
or fully dependent.

Simple bounds for serial systems

The upper bound is given by the failure probability of a series system of independent compo-
nents. The lower bound is defined by the failure probability of a series system of fully depen-
dent components; the system failure probability is equal to the failure probability of the failure
mode with the largest failure probability, i.e. the weakest link of the system. Therefore, when
the correlation between the failure modes is somewhere between 0 and 1, the simple bounds on
the system failure probability for a series system are given as:

n

miax {Pr(Foompa)} < Pr(Fys) <11 = Pr(Fuom.) (6.12)

N i=1

Simple bounds for parallel systems

The upper bound is defined by the failure probability of a parallel system of fully dependent
components, i.e. the failure probability of the failure mode with the smallest failure probability.
The lower bound is defined by the failure probability of a parallel system of independent
components.

H (Pr(Fcomp,i)) S Pr(Fsys) S In:nl{l {Pr(Fcomp,i>} (613)

i=1
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Simple bounds for mixed systems

For mixed systems Eq. (6.12) and (6.13) are applied in a sequential manner.

Second order bounds (not part of the pensum)

Second order bounds on the failure probability of systems with correlated failures of components
can be established as well. See Chapter 5 in “Structural Reliability analysis and prediction”,
Second edition —Robert E. Melchers. In general they are closer to the true system probability of
failure.

1.3. System Reliability using FORM

System reliability problems can be represented in the standard normal space. The failure
domain, as defined in Egs. (6.2) and (6.6), can be graphically illustrated for serial and parallel
systems as in Figure 6.5.

Series system: Parallel system:

u, Gw=0 u, Gw=0
G,(w)=0 G (u)=0
G(w)=0 k G,(w)=0 §

g u, AN U

Q,: Failure domain

Q: Failure domain

Figure 6.5: Graphical representation of the failure domain of a serial and a parallel system.
(Picture adapted from Daniel Straub, TUM)

1.3.1. Serial Systems

For a serial system, the failure probability might be approximated as follows. A variable y;,
¢t = 1,2,...,n is introduced and defined as in Eq. (6.14). x; represents a projection of the
variables U on the straight line through the origin and the design point u; associated to the
failure mode/ limit state g;(u), and is standard normal distributed.

xi = o;U (6.14)

The component ¢ failure event is thus computed defined as:

F,={8i < xi} (6.15)

where (; is the FORM reliability index of component i. The serial system probability of
failure can thus be approximated as follows:
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u, Gw=0
G,(u)=0 . \
)
G,(w)=0 A‘
uz* ———
u* S

Figure 6.6: Graphical representation of the solution strategy for a serial system. (Picture
adapted from Daniel Straub, TUM)

Pr (Fsys,serieS) = Pr |:U:L1 {ﬂl = X’L}‘|

= 1-PFr {ﬂ;l {xi < 62}:| (6.16)

= 1— &, (B,R)

where @,, is the n-dimensional standard normal distribution with B the vector of component
FORM reliability indices (; and R the correlation matrix. R is equal to the identity matrix for
the case of no correlation between the component failure events. However, correlation obviously
exists for usual cases and the components of the correlation matrix R2;; = p;; are estimated by:

py=aua;  i=1,2,..n; j=12..n (6.17)

The approximation in Eq. (6.16) was first introduced by Hohenbichler and Rackwitz in 1978.

Graphical interpretation of p; ;

The correlation between two failure modes, has an illustrative graphical interpretation. Consider
two linearized limit states M; = 3; — ol U and M. =D — a;-.FU as shown in Figure (6.7).

It is seen that cos ; ; = a! a; = p; ; where 0, ; is the angle between the a-vectors or simply

between the linearized safety margins. If now the two limit states are considered to have a
shortest distance to the origin 3; = 3; = 3.0 the cases of p; ; equal to -1, 0, v/0.5 and 1 are
illustrated in Figure (6.8).

The generalized systems reliability index for the cases considered in Figure (6.8), 3° =
—O 11 — Dy(3,3;p)) is B° = (2.782,2.783,2.812, 3). The general relationship between 3°
and p; ; is illustrated in Figure (6.9).
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0

Figure 6.7: Graphical interpretation of the correlation coefficient as p; ;

adapted from J. D. Sprensen, AAU)

= cosb; j. (Picture

=

| pe1=e=0
0,
%—
ﬂ17 /)7]
U
0 -

Figure 6.8: Illustration of different p; ; = cos 0; ;. (Picture adapted from J. D. Sprensen, AAU)
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| B

3.0+

2.971

2.8
: <4 P
-1 0 1

Figure 6.9: Illustration of different 3° dependent on p; ; = cosb; ;. (Picture adapted from J. D.
Sorensen, AAU)
1.3.2. Parallel Systems

For parallel systems, a similar approach might be followed. The solution in Eq. (6.16) is adapted
as:

Pr (Fsys,parallel) = Pr |:mi:1 {Bz S Xz}:|

= ®, (~B,R)

The accuracy of the estimate for the probability of failure of parallel systems is increased by
including information about the position of the joint design point u*, cf. Figure 6.10. The joint
design point is determined by the solution of the optimization problem in Eq. (6.19).

u, Gw=0
G,u)=0 \

B,*

B,*
u® u
\
\

\

Figure 6.10: Illustration of the FORM estimation of the failure probability of a parallel system
considering the joint design point u*.(Picture adapted from Daniel Straub, TUM)

u* = argmin [[u]| subject to g;(u) <0, i=1,2,...,n (6.19)

The a-vectors for the different failure modes are then found by linearization in that joint
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design point as:
. Vg(u)
Q) = —ro
IV g:(u)]]
The 3 values, however, are found as in usual FORM as 3 = au}, see Figure 6.10. The

correlation matrix is estimated with p;; = a;‘a;fT. The improved FORM estimate for the parallel
system reliability is then estimated with ®,, (—B*, R").

(6.20)

2. Application examples

E6.1.

Calculate the failure probability of the system in Figure 6.11 with Pr(F}) = 0.10, Pr(F,) =
0.20, Pr(F3) = 0.30 and Pr(F},) = 0.40. Failure events of different elements are independent.

— 1 2
_ }

Figure 6.11: Combined system.

An equivalent system is represented in Figure 6.12 with:
Pr(Fpaugy) =1—(1—=Pr(F))(1 —Pr(F;) =1—-(1-0.1)(1 -0.2) =0.28 (6.21)

Pr(Fisna) = Pr(Fs) - Pr(Fy) = 0.30 - 0.40 = 0.12 (6.22)

Considering the (parallel) system in Figure 6.12, the failure probability of the system is then:

Pr(Fsys) = Pr(F{lu2}m{3ﬂ4}) = PF(F{1U2}) . PI‘(F{3Q4}) =0.28-0.12 = 0.0336 (623)

102 —

] 314 [

Figure 6.12: Equivalent system of parallel elements.

E6.2.

A fire protection system is installed in an industrial facility, containing two fire detectors (D1
and D2) and a sprinkler arrangement (S). The detectors are connected to the sprinkler arrange-
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ment. If fire is indicated by one of the detectors, the sprinkler system is activated. Consequently,
the system fails if the two detectors fail and/or the sprinkler system fails, see Figure 6.13.

D1

D2

Figure 6.13: Block model of the system.

In case of fire, the probability that one fire detector fails is Pr(Fp;) = 0.05 (i = 1,2); and
the probability that the sprinkler system fails is Pr(Fg) = 0.001.

Eé6.2.1.

Assuming independent events, what is the probability that the fire protection system fails in case
of fire?

If the failure events of D1 and D2 are independent, the probability that both detection systems
fail simultaneously is given by:

Pr (Fipinp2y) = Pr(Fp1) Pr(Fp2) = 0.05 - 0.05 = 0.0025 (6.24)

The system failure probability is:

Pr(Fyys) = Pr (Fypinpayusy) =1 — Pr (F{Wrﬁ})
=1— (1 —Pr [Fpinpzy]) (1 = Pr(Fs)) ==1— (1 —0.0025)(1 — 0.001) = 0.0035
(6.25)

E6.2.2.

Assuming now that the detector failure events are dependent, what is the probability that the fire
protection system fails in case of fire? The conditional probability that the detector 1 fails given
detector 2 has failed (and vice versa) is given as Pr (Fp1|Fps) = Pr (Fps|Fp1) = 0.50.

The probability that D1 and D2 fail simultaneously is now given by:

Pr (F(DlﬁD2)) =Pr (FDllFD2) PI‘(FDQ) = Pr (FD2’FD1) PI'(FDl) = 0.50-0.05 = 0.025

(6.26)
The system failure results in:
Pr(Fyys) = Pr (F{(D10D2)US}) = (6.27)
=1- (1 —Pr (F{Dmm})) (1 —Pr(Fs)) =1—(1-0.025)(1 — 0.001) = 0.026 '

It should be noticed that neglecting the dependency of two events is not necessarily conser-
vative. Figure 6.14 shows the system probability of failure for different conditional probabilities.
In this case, neglecting the dependence between failures of D1 and D2 is not conservative, i.e.
it leads to an underestimation of the probability of failure.
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Pr{Foy|Foz) | Pr{Foica) Pr{Fys)
0 0 0.0010
0.05 0.0025 0.0035 <-- Independent, Pr(Fp,|Fp;)=Pr(Fp,)
0.1 0.005 0.0060
0.15 0.0075 0.0085
0.2 0.01 0.0110
0.25 0.0125 0.0135 0.0600
0.3 0.015 0.0160 Pr{Fg) »

0.0500
0.35 0.0175 0.0185 /
0.4 0.02 0.0210 0.0400

0.45 0.0225 0.0235 /

0.5 0.025 0.0260 0.0300

0.55 0.0275 0.0285 /

0.0200
0.6 0.03 0.0310
0.65 0.0325 0.0335 0.0100
0.7 0.035 0.0360
0.75 0.0375 0.0385 0.0000
0.8 0.04 0.0410 0 0.2 0.4 06 08 1
0.85 0.0425 0.0435 PriFos{Fozl
0.9 0.045 0.0460
0.95 0.0475 0.0485
1 0.05 0.0510

Figure 6.14: System failure probability for various values of the conditional probability of the
failure of the detection systems.

The previous observation can be further elaborated. The system probability of failure for
series systems is overestimated when dependence is not considered. In other words, neglecting
dependencies between failure modes is conservative in series systems. On the opposite, the
system probability of failure for parallel systems is underestimated when dependence is not con-
sidered. In other words, neglecting dependencies between failure modes is not conservative
in parallel systems. This is illustrated in Figure 6.15.

Pr(Fyys)
1 .................................................................................................................... p - 0
Series systems
p growing
PH{Foonp) [= e - e Y «—p=1

p growing
Parallel systems

(—p:O

1 Number of
elements n

Figure 6.15: Qualitative relation between number of elements and correlation between failure
events, and system probability of failure.

E6.2.3.

Calculate the simple bounds of the system probability of failure.

For the lower bound, events are assumed independent for components connected in parallel
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and fully dependent for serial system.
Pr(Fipinp2y) = Pr(Fp1) - Pr(Fp2) = 0.005 - 0.05 = 0.0025 (6.28)

Pr(Fyys) = max{Pr(Fipinp2y; Pr(Fs)} = max{0.0025,0.001} = 0.0025 (6.29)
For the upper bound, fully dependent events are assumed for parallel systems and independent
events for serial systems.

Pr(Fipinp2y) = min{Pr(Fp1); Pr(Fp2)} = min{0.05;0.05} = 0.05 (6.30)

Pr(Fyys) = 1— (1 —=Pr(Fipinpzy)) - (1 =Pr(Fs)) =1—-(1—-0-05)-(1—0.001) = 0.05095
(6.31)
A simplified approach can also be employed to estimate the simple bounds:
Considering independent events, i.e. p = 0, Pr(Fj,;) resulted in Pr(Fyys ,—0) = 0.0035

Considering fully dependent events, i.e. p = 1, Pr(Fj,,) yields:
Pr(F{pinpay) = min{0.05,0.05} = 0.05
Pr(Fuysp1) = Pr(Fipinpausy) = max{0.05,0.001} = 0.05

Hence, the simple bounds are:
0.0035 < Pr(Fy,s) < 0.05

As expected, the value of 0.025 obtained for Pr(Fp|Fp2) = Pr(Fpse|Fp1) = 0.50 is be-
tween the bounds.

E6.3.

Consider the system in Figure 6.16, where the probability of failure of the components is
given in Eq. (6.32). Determine the simple bounds of the system probability of failure.

Pr(Fromp1) = Pr(Fromp2) = Pr(Feompa) =1+ 1072

6.32
Pr(Fromp3) = Pr(Fromps) = Pr(Fepmpe) = 1-107° (6.32)

[ ]
|
|

Figure 6.16: Mixed system with correlated failure modes.

The mixed system may be successively reduced to a series system as illustrated in Figure 6.17.
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The failure probabilities {1 2N 3} and {4 N (5U6)} are to be calculated to build the reduced
system. To calculate the simple bounds, the system probability of failure first is to be computed
under two extreme conditions. First, assuming uncorrelated failure events and second, assuming
fully correlated failure events.

4nGuE

—_— Inln3 4nGu —

Figure 6.17: Illustration of scheme for successive reduction of a system based on the simple
bounds.

1. Assuming uncorrelated failure events:
Pr(F{mQﬂg}) =(1- 10*2)2(1 . 10*5) =1-107"
Pr(Fpnsosy) = Pr(Ey) - Pr(Fisg) = 11072 (1 —(1-1- 10—5)2> —9.1077
Pr(FSyW:O) = Pr(F{(102m3)U(4ﬂ(5U6))}) =1-(1-2- 10_7)(1 —1- 10_9) =2.01-10""

2. Assuming fully correlated failure events:
Pr(F{inonsy) = min{1-1072,1-1072,1-10°} =1-10"°
Pr(Funsuesy) = min{Pr(Fy), Pr(Fisuey) } = min{1- 1072, max{1-107°,1-107°}} =
1-107°
Pr(Fsy&p:l) = PT(F{(102Q3)U(4D(5U6))}) = max{l . 10_5, 1- 10_5}} =1-107°

Therefore, the simple bounds are:

2.01-107" < Pr(Flys,) <1-107°

3. Practical exercises

Pé6.1. Reliability-based design of an elevator

Consider the elevator system in Figure 6.18 composed of:

* A steel support for the top sheave, with net resisting cross-section Ag,.s and material
strength Fs ,, that is rotated by an electric motor;
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Sheave

Counterweight I

-l [f;fij\,?

-

Elevator

e
| a

Steel support (S)

Steel cable/chain

Connector (C)

Figure 6.18: Elevator model.

A steel cable/chain connecting the counterweight to the elevator, with net resisting cross-

section A7 ,.s and material strength Fr,. The elevator is installed in a 30-story building
so the cable/chain is approximately 100 m long;

* A connector between the cable/chain and the elevator, with net resisting cross-section
Ac res and material strength Fi 3

A counterweight of weight G5 = 10 kN.

The elevator with self-weight G; = 300 kg-g = 2.94 kN;

The yearly maxima live load on the elevator is (). The basic variables are given in Table 6.1.

Table 6.1: Basic variables.
Symbol | Distribution | Mean C.o.V. [-]
Q Normal 11 kN 0.4
Gy Deterministic | 2.94 kN /
Go Deterministic | 10 kN /
As res Deterministic | 150 mm2 /
Fg, Normal 400 MPa 0.07
AT res Deterministic | Decision parameter | /
Fr, Normal 630 MPa 0.05
Acres | Deterministic | 100 mm2 /
Fey Normal 400 MPa 0.07
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P6.1.1. Design of a chain

Design the chain, i.e. choose the resisting cross-section Ar,.s, that gives the
probability of failure of the supporting system, i.e. steel support + steel chain +
connector equal to Prg_7_¢c = 2.5 - 1079 (B = 4.56).

d Consider: 10,000 links composing the chain; for the worst scenario, i.e. the ele-
f \ vator in the lowest position, it can be assumed that 90% of the cable length is on
the elevator side and 10% is on the counter-weight side.

S

P6.1.2. Design of a parallel wire cable

i’ﬂ y Design the parallel wire cable cross-section providing the same failure probability.
%*  Consider 20 similar parallel wires composing the cable.
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Question::
System Reliability

* What are the different types of systems and what are the implications for structural
reliability?

* How is dependence affect system reliability?
* What are simple bounds and how are they computed?

* How can system reliability assessed with FORM?
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Engineering Decision Making

Structural engineering and engineering in general involves decisions that have to made in order
to maximize the utility of structures in particular or the build environment in general. An obvious
type of decisions are the decisions about physical configurations or changes related to the design
and maintenance of structures. In chapter 1, we have already seen how risk based criteria can
be utilized for structural design decision subject to uncertainty. A second less obvious but not
less important type of decision is about what information and what level of modelling detail we
should employ for representing the decision situations. As information comes at a cost, it has to
be integrated in the utility maximisation as well.

Bayesian decision theory offers the theoretical framework for assessing both types of decisions
and the basic concepts are introduced in this chapter.

1. Concept

The built environment, i.e. infrastructural elements, industrial buildings and facilities as well
as residential buildings, constitutes the basis for our economy and the continuous development
of our society. In this respect structures play an important role, since the primary purpose of
structures is to provide the functionality of the built environment and the safety of its users. Con-
sequently, a large proportion of the societal economic resources are invested into the continued
development, maintenance and renewal of structures. Due to the high importance of structures
and the large amount of economic resources invested for development, maintenance and renewal
it is of utmost importance that decisions made in connection with structures are optimal. Opti-
mal in the sense that the benefit of structures as well as the possible adverse consequences such
as loss of lives, damage to the qualities of the environment and the direct and committed costs
are considered and optimal engineering decisions are identified.

Normative decision theory, as introduced by von Neumann and Morgenstern already in 1943,
(Neumann et al. 1943) provides the general framework for engineering decision making and
provides the decision maker with a rational basis to act. Here, rationality is understood as “in-
strumental rationality”, i.e. the decision maker does evaluate and rank the utility of different
decision outcomes in terms of expectations, (Weber 1921).

The evaluation of expected utilities for structural engineering decision problems is generally
associated with large aleatory and epistemic uncertainties that have to be considered. A consis-
tent framework for the account of information and uncertainty in decision making is Bayesian
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Decision Analysis as presented in Raiffa et al. 1961. According to this, and using the same clas-
sical nomenclature, the principle layout of Bayesian Decision Analysis is illustrated in Figure
7.1.

Experiment Sample Actions State Utility
ecE zZz€EZ aceA 0eco u(.)
| a pre-posteriori max Bz, max E'gzt(e, 2, a,8)
| i a posteriori mng”g|zu(a,§|z)
| | [ ~
| | apriori max E'qu(a, 9)
What can | know? What should | do? What may | hope?

Figure 7.1: Basic decision problem facilitating for decisions about actions and experiments,
according to Raiffa et al. 1961. In the graph, the squares represent decision nodes, and the
circles represent chance nodes. It is indicated how the decision analysis might support the
assessment of the three basic questions of Kant’s Canon of Pure Reason (Kant).

The most simple form of decision analysis is the so called “prior decision analysis”. Here,
the decision maker states his or her prior probabilities of state P’'(¢) and his or her preferences
among possible pairs of state § and action a as expressed by the utility u(a, #). The expectation
over the different outcomes of the random state variable 6 is then maximised subject to a. The
posterior, or terminal analysis, does allow for the consideration of new information represented
as the outcome of an experiment z. The new information is expressed in form of a likelihood
P(z|0) and the posterior probability is obtained by combining the likelihood with the prior prob-
ability, P"(0|z) o< P(z|0)P’(0). The utility to be maximised subject to a is then also conditional
on z, i.e. u(a,d|z). The pre-posterior analysis allows for the assessment of different possible
experiments before they are chosen, i.e. this type of analysis includes a terminal analysis for
each possible type of experiment e and the possible corresponding outcome z. The outcomes
of the experiment are weighted according to the prior probabilities and the expectation of the
utility u(e, Z, a, 9~) can be maximised subject to e and a.

The concept of Bayesian Decision Analysis represents a logical and consistent framework
for decision making under uncertainty, whereas decisions not only refer to actions that directly
influence the state of nature, in Figure 7.1 this is referred to as a, but also our knowledge about
the state of nature #. In a broad sense also the choice of the modelling universe for the repre-
sentation of the decision problem can be formally included in the framework, see Glavind et al.
2018 for an example in engineering decision making. Although the strict implementation of
Bayesian Decision Analysis is challenging for some complex situations in practical engineering,
the underlying logic may be used to sort and structure the engineering problem in a reasonable
way. Before we start to illustrate the main principles of Bayesian Decision Analysis alongside
an “engineering example”, we will recap the Bayes’ Rule which is fundamental for the concept.
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2. Bayes’ Rule

This section is intended as a repetitorium from the statistics class.

2.1. Conditional Probability and Bayes’ Rule

Conditional probabilities are of special interest in risk and reliability analysis as they form
the basis of the updating of probability estimates based on new information, knowledge and
evidence.

The conditional probability of the event E; given that the event E5 has occurred is written

as:
P(Ey N E,)

P(El ’EQ) = P(EQ)

(7.1)

It is seen that the conditional probability is not defined if the conditioning event is the empty
set, i.e. when P(E,) = 0.

The event F/; is said to be probabilistically independent of the event FEj if:
P(Ey |Ey) = P(Ey) (7.2)

implying that the occurrence of the event £, does not affect the probability of £ .
From Equation 7.1 the probability of the event £, N E5 may be given as:

P(Ey N Ey) = P(E) |Ey) P(Es) (7.3)

and it follows immediately that if the events £ and F5 are independent, then:
P(Ey N E,) = P(E,)P(E,) (7.4)
Based on the above findings, the important Bayes’ rule can be derived. Consider the sample

space {2 divided into n mutually exclusive events E, Fs, ..F, (see also Figure 7.2, where the
case of n = 8 is considered).

<0

Figure 7.2: Illustration of the rule of Bayes.

Furthermore let the event A be an event in the sample space 2. Then the probability of the
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event A, i.e. P(A), can be written as:

P(A) = P(ANE)+P(ANEy)+..+P(ANE,)
= P(A|E\)P(Ey)+ P(A|Ey)P(Ey) + ...+ P(A|E,)P(E,)

= ) PA|E)P(E) (7.5)
i=1
this is also referred to as the rotal probability theorem.
From Equation 7.1 there is P(A |E;)P(E;) = P(E;|A)P(A) implying that:

P(A|E;)P(E;)

P(E; |A) = 7.6
(E:l4) = == 76)
Now by inserting Equation 7.6 into Equation 7.5, the Bayes’ rule results:
P(A|E;)P(E;
P(F;|4) = oA BB a7

z P(A|E;)P(E;)

In Equation 7.6 P(FE;|A) is called the posterior probability of E;, the conditional term
P(A |E;) is often referred to as the likelihood (i.e. the probability of observing a certain state
given the true state). The term P(FE;) is the prior probability of the event E; (i.e. prior to the
knowledge about the event A).

As mentioned previously, the Bayes’ rule is extremely important, and in order to facilitate its
appreciation a few illustrative applications will be given in the following.

2.1.1. Example 1 - Using Bayes’ Rule for Concrete Assessment

A reinforced concrete beam is considered. From experience it is known that the probability that
corrosion of the reinforcement has initiated (the event CI) is P(CI) = 0.01. However, in order to
know the condition more precisely an inspection method (non-destructive) has been developed.

The quality of the inspection method may be characterised by the probability that the inspec-
tion method will indicate initiated corrosion given that corrosion has initiated P (I |C]) (the
probability of detection or equivalently the likelihood of an indication I given corrosion initia-
tion C'I) and the probability that the inspection method will indicate initiated corrosion given
that no corrosion has initiated P(/ |W) (the probability of erroneous findings or the likelihood
of an indication given no corrosion initiation).

For the inspection method at hand the following characteristics have been established:

P(I|CI)=0.8
P(I|CT)=0.1
An inspection of the concrete beam is conducted with the result that the inspection method

indicates that corrosion has initiated. Based on the findings from the inspection, what is the
probability that corrosion of the reinforcement has initiated?
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The answer is readily found by application of Bayes’ rule:

I|CI)P(CI P(INCI
P(CI|I) = PUICHP(C) = ( ) (7.8)
P(I|CI)P(CI)+ P(I|CI)P(CI) P(I)
With P(I), the probability of obtaining an indication of corrosion at the inspection:
P(I) = P(I|CI)P(CI)+ P(I|CT)P(CI) =0.8-0.01+0.1- (1 —0.01) = 0.107

and P(I N C1T) the probability of receiving an indication of initiated corrosion and at the
same time to have initiated corrosion:

P(INCI)=P(I|CI)P(CI)=0.8-0.01 = 0.008 (7.9)

Thus, the probability that corrosion of the reinforcement has initiated given an indication of
initiated corrosion by the inspection method is:
0.008
P(CI|I)= 0107 - 0.075 (7.10)
The probability of initiated corrosion, given an indication of initiated corrosion, is surpris-
ingly low. This is due to the high probability of an erroneous indication of initiated corrosion by
the inspection method relative to the small probability of initiated corrosion (i.e. the inspection
method is not sufficiently accurate for the considered application).

2.2. Example 2 - Using Bayes’ Rule for Bridge Upgrading

An old reinforced concrete bridge is reassessed in connection with an upgrading of the al-
lowable traffic (see also Schneider11). The concrete compressive strength class is unknown but
concrete cylinder samples may be taken from the bridge and tested in the laboratory.

The following classification of the concrete is assumed:

B;:0<0,.<30
By :30 < og,.<40
Bs 40 < o,

Where o, is the compressive strength of concrete.

Even though the concrete class is unknown, experience with similar bridges suggests that the
probability of the concrete of the bridge belonging to class By, By and Bj is 0.65, 0.24 and 0.11,
respectively. This information comprises the prior information - prior to any experiment result.

The test method is not perfect in the sense that even though the test indicates a value of the
concrete compressive strength belonging to a certain class, there is a certain probability that the
concrete belongs to another class. The likelihoods for the considered test method are given in
Table 7.1.

It is assumed that one test is performed and it is found that the concrete compressive strength
is equal to 36.2 MPa, i.e. in the interval of class B2.
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Using Bayes’ rule, the probability that the concrete belongs to one of the different classes
may now be updated. The posterior probability that the concrete belongs to class Bs is given by:

0.61-0.24

P(B,|I = By) = _
(B2 | 2) 0.61-0.24 +0.28-0.65 4+ 0.32-0.11

0.40

The posterior probabilities for the other classes may be calculated in a similar manner, the
results are given in Table 7.1.

Concrete | Prior Likelihood P(/ |Bi) Posterior

Class Probability Probability
=B, | 1=B, | 1=8,

B, 0.65 0.71 0.28 0.01 0.50

B, 0.24 0.18 0.61 0.21 0.40

B, 0.11 0.02 0.32 0.66 0.10

Table 7.1: Summary of prior probabilities, likelihoods of experiment outcomes and posterior
probabilities given one test result in the interval of class Bs.

2.3. Example 3 - Covid Test

Different test exist to indicate a COVID-19 infection. None of these tests are perfect and the
uncertainty related to the tests is generally expressed as sensitivity, i.e. probability that a test
correctly identifies an infection (Pr[1,|P]). Specificity is expressing that a test correctly identi-
fies an non-infection (Pr[I,,|N]).

It is hard to find some general guidelines which values could be taken, as both, sensitivity
and specificity are highly dependent on the general constitution of patients and the time-stage of
the possible infection.

The following example is therby intended as indicative only:

Based on the assumption that swabs (molecular) tests correctly identify 70% of those with
COVID-19 (sensitivity) and 95% of those without COVID-19 (specificity), the following likeli-
hoods can be quantified:

Pr([L,|P] = 0.7
Pr[L,|N] = 0.95

Task:

1. Consider that you test a person in Trondheim at random. You get a positive test indication
(). What is the probability that the person is infected. (Hint: You might estimate the
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a priori probability Pr’(P) from the current infection situation published in the media.
Make some sound assumptions.

2. Now you test not a random person but a person that shows specific symptoms, such that
you would reevaluate the a priori probability Pr'(P) = 0.4.

Discuss the results.

3. Engineering application

Bayesian decision theory, as indicated in Figure 7.1, is about the maximization of expected
utility subject to the decision alternatives at hand. In this chapter the theoretical concept is
further introduced and illustrated alongside a simplified example. The example follows actually
the very classical one first introduced in Benjamin and Cornell in 1969.

Consider a construction site that involves the establishment of a pile foundation. The length
of the piles has to be selected subject to uncertain knowledge about the soil condition and com-
position (namely, the depth of the load bearing rock bed that the pile have to reach is uncertain).
The wrong choice of pile length is inducing some additional costs.

3.1. A priori analysis

Consider two possible uncertain conditions of the depth of the rock bed 6, = 40ft and
61 = 50ft and two choices of piles with length ay = 40 ft and a; = 50ft. The utility, in this
simple example, is expressed in terms of negative costs and the costs assumed for the different
combinations of # and a.

Table 7.2: Costs of the different combinations of 6 and a.

) aq
0y | O 100
6, | 400 | 0
Decision State Consequence Utility

alternatives
depth=40ft none 0

Pile 40m

depth=50ft splice two piles -400
depth=40ft cut pile -100
depth=50ft none 0

Figure 7.3: Decision tree for the a-priory decision analysis.
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In order to employ an a-priori decision analysis the a-priori probabilities for the states 6
and 6; have to be specified and in this example the are estimated with: Pr'(6;) = 0.7 and
Pr'(6;) = 0.3).

The expected utility is then assessed as follows:

max E, [u (a, 5)} — max [Pr'(60)u(bolao) + Pr/(el)u(el‘ao)Q] 7.11)

a | Pr'(6p)u(folar) + Pr'(61)u(f1]ar)
0.7-0+0.3- (—400)}

0.7 (<100 + 0.3 -0
—120
II]L?X i _70 :|

3.2. A posteriori analysis

Suppose that additional test data on the soil condition becomes available. The data carries
information about the true state of the soil, but, however, it is none-perfect information. The
quality of the test method can be expressed in terms of the likelihoods, i.e. the probabilities to
obtain a certain test result conditional on the true state of the soil. Let’s consider a ultrasonic
test device with three possible outcomes:

¢ Indication 40ft: z,
e Indication 50ft: z;
e Indication 45ft: 29

The corresponding conditional probability table indicating Pr(z|) is given as:

bo | b
2 | 0.6 | 0.1
20107
2]03]02

If the test result indicates z, i.e. 40ft the following updated posteriori probabilities for the
states 0y and 6 can be obtained according to Bayes’ Rule:

Pr'(6;) Pr(z]6;)
o / (7.12)
KT S P (6;) Pr(z406))
) Pr'(6y) Pr(z0|60)
Pr’(6 =
1" (0o 20) Zj Pr'(6;) Pr(20]6;)
- 0.6-0.7 _
©06-07+0.1-03

0.93

0.1-0.3
P (0,]29) — — 0.067
Y(0l0) = S5 0m 0103
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The (updated) posterior probabilities can now be utilized for the maximization of the expected
utility.

[Pr” (o) z0)u(folao) + Pr//<91|20)u<01|a0);} (7.13)

_PI",/(90|2’0)U(90|(11) + PI"H(91|ZO)U(91|CL1)
[ 0.93 -0+ 067 - (—400) }

— 10,93 - (=100) + 0.067 - 0
(26
- = 26
max __93]

It can be seen that the additional information did increase the maximum expected benefit
from -70 the -26. It is also seen that the corresponding decision alternative is now ag, the 40ft
pile.

3.3. A pre-posteriori analysis

In the previous section it was demonstrated how new, relevant information can be utilized in
a decision problem. That the decision benefits from this new information is thereby obvious. It
is not the question whether the information should be used or not, of course, as the information
was available already.

However, in practical engineering decision situations multiple options for gathering new in-
formation exist, e.g. resulting from different measurement techniques or advanced engineering
modelling. The relevant information content of the different options is different and also is the
price. The decision problem, where it is assessed which choice of possible information gather-
ing technique is to be made based on the corresponding maximization of the expected utility is
called the pre-posteriori analysis.

The present example is extended in order to demonstrate the concept as follows. Before any
experimental results are available (in the a-priory state) we asses the effect of three different
options for additional experiments:

eo: No experiments - no additional costs.
ey: Ultrasonic tests - 20 MU.
ey: Probe - 80 MU.

The decision tree is extended with the corresponding options and the the utility of the different
end branches of the tree are indicated in Figure 7.4.

The pre-posteriori analysis evaluates (and maximizes) the expected utilities of the different
test options e in terms of maxE; . [max EZ‘Z [u (e, z,a, 0)” The term is solved by consid-
e a

ering the decision tree in Figure 7.4 from the right to the left:
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u(e, z,a,0)
6 0
ag 0, -400
- 100
a 96
o 0
0, -20
ag_— — - 420
u 0, - 120
a .
= . 0, -20
& S
9 @._ 0c -20
» o ]
& z1 @ 50ft 01 420
ome - 120
o “\“{‘}b 2. a1 g
7@2 0, -20
L] 0 -20
5 ag O I - 420
% -~ 0. -120
o} ai
: O o
0¢ - 80
ag O 0; - 480
u 0 - 180
S a O :
720 ‘91 - &80
o NEP 0, - 80
Oty ®
ag r— - 480
| - B, - 180
! O
0; - 80

Figure 7.4: The extended decision tree as a basis for the pre-posteriori analysis. The tree fea-
tures(from right to left), the test options, e, the test results, z, the decision alternatives, a, the
possible states of nature, 0, and the utility/consequences, .
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1. Assessment of the event probabilities Pr(6|e, z) (by using Bayes Rule):

Pr'(6yeo) =0.7 Pr'(61eo) = (.3 (a-priori probabilities)
Pr"(6ler, z0) = 0.93 Pr "(01]e1, 20) = 0.067

Pr'(6oler, z1) =0.25 Pr’(61|er,z1) =0.75

Pr’(6gler, z2) =0.78 r”(@ ler, z9) = 0.22

Pr’(0oles, z0) =1 Pr’(61|ea, 20) =0

Pr"(Gglez, z1) =0 Pr(01]er,z1) =1

2. Computation of the expected utilities

E [ule, z,a] =

ZPr@]e z

u [0;

le, z, al

, i.e. conditional on the chosen test, ¢, the observed test outcome, z and the decision on

the length of the pile, a.

Pr'(6leo) “u[boleo, ao] + Pr'(61]eo) u [61]eo, aol =0.7-0+ 0.3 - (—400) =—120
PI” (90|€0) [90|€0, Cbl] -+ PI” (91|€0) u [91|€0 (1,1] =0.7 - (—100) +0.3-0 =—70
PI‘ (90‘61,2’0) [ |€17ZO,CLQ] +PI‘ (91|617'ZO) U[01|61 Zo,ao} =0.93 - ( 20) +0067 ( 420) =—48
Pr'(Bler, 20) -u[foler, z0,a1]  +Pr(Biler, z0) ulfiler, z0,a1] =093 - (—120) + 0.067 - (—20) =—113
Pr’(6pler, z1) -ulboler, z1,a0) +Pr’(6i]er,z1) -ulbiler, z1,a0) =0.25-(—20) +0.75- (— 420) =—320
Pr”(t‘)g\el, 1) [9 |€1,Zl7 1] +Pr/(91|€1, 1) U[91|€1721, 1} —O 25 ( 120)+075 ( ) =—45
Pr'(Ooler, z2) -ulfoler, 22,a0] +Pr"(0i]er, 22) -ulbhler, 22, a0] =0.78-(=20) 4 0.22-(—420) =-112
Pr”(@o\eh 2) [9 |617ZQ7 1] +PI‘I(91|617 2) u [91|€1722, 1} =0.78 - ( 120)+022 ( ) =—97
PI"”(GQ‘@Q, 0) [9 |€2,Zo, 0] +PI"(91|€2, 0) u [91|€27ZO, 0} =]- ( 50)+0 ( 450) =—5O
Pr//(90‘627 0) [9 |€27Z07 1] +PI‘I(91|€27 0) U[01|€27ZO7 1} =1- ( 15 O) ( 50) =—150
Pr'(6oles, z1) -u[bolez, z1,a0) +Pr"(b1]ez, 1) -ulb:]ez, z1,a0] =0-(—50) + (—450) =—450
Pr”(@o\eg,zl) [ |€2721,a1] +PI‘ (91|€2721) u[01|62 Zl,[lﬂ =0 ( 1 0) (—50) =—50
3. Conditional on the type of experiment, e, and the corresponding outcome, z, which deci-
sion would be taken, i.e.:
argmax Eg|, [u(aleo)] =a; with Eg, [u(ai]eo)] = —T0
argmax Eg|, [u(ale1, 20)] = ao with Eg|; [u(agler, z0)] = —48
argmax Eg|, [u(ale1, 21)] = a; with Eg|; [u(aier, z1)] = —45
argmax Eg|, [u(ale, 23)] = a1 with Eg|; [u(ai]er, 2z3)] = —97
arg HléiXEg‘z [u(ales, z0)] = ag with Eg|, [u(aoles, 20)] = —50
arg mngg‘z [u(ales, z1)] = a; withEg, [u(ai|es, z1)] = —50
4. Evaluate the probability of observing a test result z, Pr(z|e).
PI’(20|61) Pr(zolel,ﬁo) Pl" (60)+PY(20‘€1,61)PI'/( 1) =06-0.740.1-0.3 =045
PI'(leel) PI'(21|€1, 90) (00) + PI‘(21|€1, 1) Pr'(@l) 0.1-0.7+0.7-0.3 =0.28
Pr(zzle1) = Pr(zzles, 6o) Pr'(6o) + Pr(zzler, 61) Pr'(6;) =0.3-0.7+0.2-0.3 =0.27
Pr(zgles) = Pr(zgles, 6p) Pr'(6y) + Pr(zgleq, 61) Pr'(61) =1-0.7+0-0.3 =0.7
Pr(z1]es) = Pr(z1]eq, 6p) Pr'(6y) + Pr(z1]e, 61) Pr'(6;) =0-0.7+1-0.3 =0.3

5. Evaluate the expected utility per experiment option E [ule]:
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E [ulei] = =70
E [ules] = Pr(zole1)Eg)z [u(aoler, 20)]

+Pr(21|e1)Eg)z [u(aoler, 21)]

+ Pr(22e1)Eg)z [u(aoler, 22)]

=0.45-(—48) +0.28 - (=45) + 0.27- (—=97) = —60
E[ules] = Pr(zoles)Eg» [u(aoles, zo)]

+ Pr(z1]es)Eg)» [u(aoles, 21)]

= 0.7 (—80) + 0.3 - (—80) — 80

The results are summarized in Figure 7.5.

3.4. Summary

Bayesian decision theory seems to be a valid framework for rational engineering decision
making subject to uncertainty. Three types of decision analysis have been introduced and their
practical application have been demonstrated. The example was kept simple in order to demon-
strate the concept transparently, i.e. only discrete states of nature and discrete decision options
and experimental outcomes have been considered. If some or all of these features are represented
by continuous variables the summations turn into integrals and the solution of the problem be-
comes computationally demanding.
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-70
. 0.45
X N
.f§ 5y
& 21 1 50ft
.\_(:z =\ A
R \“2\50 %'. 0.28
L 027 0.78 -20
' O
a -
S H 0 -112| 0.22 420
<, 0.78 _ -120
% ay
® O 20
97 | 022 ~ °
1.0 - 80
O
ag - 480
- 80 | 0
| @g@ o - 1.0 - 180
Ny 80
(L <7 - 0 - 80
o [y,
a -
N 0 -480| 1.0 480
0 - 180

a .

m 1.0 -80

Figure 7.5: The extended decision tree as a basis for the pre-posteriori analysis together with
results. The optimal choice of experiment is e ultrasonic test.
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Question::
Engineering Decision Making

* Describe the three principle different types of decision analysis?

— How is information used?

— What are practical examples?
* Explain the rule of Bayes alongside a practical example.

* What are the different steps of a pre-posteriori decision analysis?
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Chapter 8

Engineering uncertainty quantification

This chapter is not part of the pensum for the Exam 2021.

How do we translate information into probabilistic models? In the present chapter the very basics
of engineering uncertainty quantification are addressed. It is demonstrated how the parameters
of random variables can be estimated based on observations / data.

1. Engineering uncertainty quantification

1.1. Cumulative Distribution and Probability Density Functions

A random variable, which can take on any value, is called a continuous random variable. The
probability that such a random variable takes on a specific value is zero. The probability that a
continuous random variable, X, is less than or equal to a value, z, is given by the cumulative

distribution function:
Fx(z)=P (X <2 8.1

Generally speaking, capital letters denote a random variable and lowercase denote an out-
come or a realization of a random variable. Figure 8.1 illustrates an example of a continuous
cumulative distribution function. For continuous random variables, the probability density func-
tion is given by:

dF(x)
T dr

The probability of an outcome in the interval [z;d + dx] where dz is small, is given by
P(X € [x;x +dx]) = fx (2) dx.

Random variables with a finite or infinite countable sample space are called discrete random

Ix (@) (8.2)

variables. For discrete random variables, the cumulative distribution function is given as:

Px(z) = px(;) (8.3)

T;<x
where px (z;) is the probability density function given as:

px(z;) = P(X = ;) (8.4)
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Fy (x)

A)

fe(x)

B)

Figure 8.1: Illustration for a continuous random variable of A) a cumulative distribution func-
tion and B) a probability density function.

A discrete cumulative distribution function and probability density function is illustrated in
Figure 8.2.

Py (x)

T

A) . s
x] X2 .X3 X4
Py (x)
B) | | 4 o

Figure 8.2: Illustration for a discrete random variable of A) a cumulative distribution function
and B) a probability density function.

1.1.1. Moments of Random Variables and the Expectation Operator

Probability distributions may be defined in terms of their parameters or moments. Cumula-
tive distribution functions and probability density functions are often written as F'x(x,p) and
fx(z,p), respectively, to indicate the parameters p (or moments) defining the functions.

The " moment m; of a continuous random variable is defined by:

m; = /00 a' fx(r)dz (8.5)

(e e}
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and for a discrete random variable by:
m; = Zxé-px(a:j) (8.6)
j=1

The mean (or expected value) of continuous and discrete random variables X is defined
accordingly as the first moment, i.e.:

,LLX:E[X]:/OOfo (x)dx (8.7)
px =E[X] =) ;px()) (8.8)

where F [-] denotes the expectation operator.
Similarly, the variance 0% is described by the second central moment, i.e.:

% =Var[X] = E[(X — ux)?] = /_OO (- jx)? fx (2)da (8.9)
ox = Var[X] = Z(x] — ux)? px(;) (8.10)

j=1
where Var [X] denotes the variance of X.

The ratio between the standard deviation oy and the expected value yx of a random variable
X is denoted the coefficient of variation CoV [X] and is given by:

CoV [X] = ZX (8.11)
Hx
The coefficient of variation provides a useful descriptor of the variability of a random variable
around its expected value.

1.1.2. (Some relevant) Probability Density and Distribution Functions

In Table 8.1, a selection of probability density and cumulative distribution functions is given with
the definition of their distribution parameters and moments. Note that the probability density
and cumulative distribution functions are given as conditional distributions (conditional on the
parameters), i.e. F'x (z]0) and fx (x|@), where 0 is the vector of parameters.
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Table 8.1: Selection of probability distributions.

Mean and Standard

Distribution type Param. deviation
Uniform
b
a<z<b ) a>0 b—a2
J— 0-:
fX($’a7b) b_ a \/IZ
r—a
Fx(z|a,b) = [
Normal
e w
1 1 /x—p o>0 o
fx(@|p, o) = meXp< 2< o ))
1 /t—p 2
Fx(x|u,o €x Py dt
X(’N)O_m p<2<0>>

Shifted Log-Normal

xr>e€

fX(x’)HCvg): )
1 ox 1/In(z—¢)—A
(z—)Cvar p( 2( ¢ ))

Fx(z|A, ¢, e) = @ (

2
A ,u:6+exp<)\+c)
(>0

Shifted Exponential

x> €
fx(x|X\ e) = Nexp(=A(z — ¢€))
Fx(z|\e) =1—exp(—A(z —¢))

=
I
> =

A>0

Q
I
= O

Gamma

x>0

exp(—bx)zP~!

( )
Fx (el p) = }( 2
Where: )
I‘(bx,p):/o ztP~Lexp(—t)dt

I(p) = /Oootp_l exp(—t)dt

p>0 %
b>0 _@
b
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Beta a
b ,u:a+(b—a)rj_t
tErst T T SR L L e
Pr+t) [“(u—a)""(b—u)" Tr+tVr+t+1
bt,r) = d t>0 r
ptelebt.r) =gy | e

The relevance of the different distribution functions given in Table 8.1, in connection with the
probabilistic modelling of uncertainties in engineering risk and reliability analysis, is strongly
case dependent. The reader is suggested to consult the specific literature for specific guidance
on the application. Nevertheless, a few specific remarks will be provided in the following for the
commonly applied Normal distribution and the Log-Normal distribution.

1.1.3. The Normal Distribution

The Normal probability distribution follows from the central limit theorem as a result of the sum
of independent (or almost) random variables. Thus, it is applied very frequently in practical
problems for the probabilistic modelling of uncertain phenomena which may be considered to
originate from a cumulative effect of several independent uncertain contributions.

The Normal distribution has the property that the linear combination S of n Normal dis-
tributed random variables X;, ¢ = 1,2, ....n, cf. Eq. (8.12), is also Normal distributed. The
distribution is said to be closed regarding summation.

S=a+ )Y aX (8.12)
i=1

One special version of the Normal distribution should be mentioned, namely the Standard
Normal distribution. In general, a standardized (sometimes referred to as a reduced) random
variable is a random variable which has been transformed such that it has an expected value
equal to zero and a variance equal to one:

X_
y = & T Hx (8.13)

0x
Y is a standardized random variable. If the random variable X follows a Normal distribu-
tion, then the random variable Y is standard Normal distributed. In Figure 8.3, the process of
standardization is illustrated.
It is common practice to denote the cumulative distribution function for the standard Nor-
mal distribution by ®(z) and the corresponding density function by ¢(z). These functions are
broadly available in software packages such as Microsoft® Excel, Matlab® and Python.

1.1.4. The Log-Normal Distribution

A random variable Y is said to be Log-Normal distributed if the variable Z = In(Y’) is Normal
distributed. It follows that if an uncertain phenomenon can be assumed to originate from a
multiplicative effect of several uncertain contributions, then the probability distribution for the
phenomenon can be assumed to be Log-Normal distributed.
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Figure 8.3: Illustration of the relationship between a Normal distributed random variable and
a standard Normal distributed random variable.

The Log-Normal distribution has the property that if Eq. (8.14) is satisfied and all Y; are
independent Log-Normal random variables with parameters \;, ¢; and €; = 0 (as given in the
table above), then also P is Log-Normal with parameters:

pP=]]v" (8.14)

Ap = ai; (8.15)
=1

G =Y aq (8.16)
=1

1.1.5. Properties of the Expectation Operator

The expectation operation has the following properties, where a, b and c are constants and X is
a random variable:

Eld =

E[cX] cE[X]

Ela+b ]—a+bE[ ] ®.17)
Elg1(X) + g2(X)] = E[g1(X)] + E[g2(X)]

The implication of the last equation is that expectation, like differentiation or integration, is
a linear operation. This property is useful since it can be used, for instance, to find the following
formula for the variance of a random variable X in terms of more easily calculated quantities:

= px + E[X?] = 2ux BIX] = pi + E[X?] — 2p% = B[X?] — p% '
By application of Eq. (8.18), the following properties of the variance operator Var|.] can
easily be derived:
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Varle] =0
Var[cX] = *Var[X] (8.19)
Varla+ bX] = b*Var[X]

where a, b and c are constants and X is a random variable.
From Egq. (8.18), it is furthermore seen that, in general, E[g(X)| # g(E[X]). In fact, for
convex functions g(x), it can be shown that the following inequality is valid (Jensen’s inequality):

Elg(X)] < g(E[X]) (8.20)

where the equality holds if g(X) is linear.

Whether the cumulative distribution and density function are defined by their moments or by
parameters is a matter of convenience and it is generally possible to establish the one from the
other.

1.1.6. Random Vectors and Joint Moments (not part of pensum)

If an n-dimensional vector of continuous random variables X = (X, Xo, ..., X n)T is considered,
the joint cumulative distribution function is given by:

and the joint probability density function is:
871,
fX <X) N a,flaZI}Q c. 81'”

The covariance C'x, x, between X; and X is defined by:

Fx (x) (8.22)

Cx,x; = B [(Xi — px,)(X; — px;)]
= [7 7 (i —px) (z5— px,) frox, (i, 2;) dogdz;

and is also called the joint central moment between the variables X; and X;.

(8.23)

The covariance expresses the linear dependence between two variables. On the basis of the
covariance the correlation coefficient is defined by:
Cx;x;

PX;X; = P (8.24)

Itis evident that C'x, x, = Var [X}],i.e. px,x, = 1. The correlation coeflicients can only take
values in the interval [—1; 1]. A negative correlation coefficient between two random variables
implies that, if the outcome of one variable is large compared to its mean value, then the outcome
of the other variable is likely to be small compared to its mean value. A positive correlation
coeflicient between two variables implies that, if the outcome of one variable is large compared
to its mean value, then the outcome of the other variable is also likely to be large compared to
its mean value. If two variables are independent, their correlation coefficient is zero and the
Jjoint density function is the product of the 1-dimensional density functions. In many cases,
it is possible to obtain a sufficiently accurate approximation to the n-dimensional cumulative
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distribution function from the 1-dimensional distribution functions of the n variables and their
parameters, and the correlation coefficients.
If Y is a linear function of the random vector X = (X, X5, ..., X,,)T, i.e.:

Y =a+ )Y aX; (8.25)
i=1

using Eqgs. (8.18), (8.19) and (8.23) it can be shown that the expected value £ [Y] and the
variance Var [Y] are given by:

EY]=ao+ Y aB[X]

n n (8.26)
Var[Y] = E azVar [ X;] +2 E a;a;Cx, x,
i=1 ij=lLiij

1.1.7. Conditional Distributions and Conditional Moments (not part of pensum)

The conditional probability density function for the random variable X, conditional on the
outcome of the random variable X is denoted fx,|x, (21 |z2) and defined, in accordance with
the definition of conditional probability given previously, by:

le,X2(9€1>$2)

fx,(22)

As for the case when probabilities of events were considered, two random variables X; and
X5, are said to be independent when:

Ixuxe (1 ]22) = (8.27)

Ixi1x, (21 22) = fx, (21) (8.28)
By integration of Eq. (8.27) the conditional cumulative distribution Fx, x, (1 |2) is ob-

tained: fml ; ( )
X1.X, (2, x2)d2
F 1 |1y) = =22
X1|X2 ( 1 | 2) fX2 (ZL’Q)

and finally, by integration of Eq. (8.29) weighed with the probability density function of X,
fx,(z2), the unconditional cumulative distribution F'x, (1) is achieved by applying the foral

(8.29)

probability theorem:
FX1 (iEl) = / F}(ﬂX2 (l’l |.1'2) fX2 (.I'Q)dl’g (830)

oo

The conditional moments of jointly distributed continuous random variables follow straight-
forwardly from Eq. (8.7), by use of Eq. (8.28). If X, X, are jointly distributed random variables,
the conditional expected value pix,|x, of X; given X is evaluated by:

o0

MXI‘XQ = E [X1 |X2 = .232] = / X le\Xg (ZL’ |£E2)d33 (831)

—00
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1.2. Sampling and representation of data

1.2.1. Sampling of data

Data is either observed directly from natural phenomena, or from controlled experiments. The
information content in the data is relevant for the specification of the variable of interest if the
character and origin of the magnitude and variability in the data is in correspondence with the
magnitude and variability of the variable to be represented in the engineering problem at hand.
In this regard, it is often stated that the “data has to be representative”.

Example/Question: The distribution function for the concrete compression strength of the
strength grade C20/25 has to be represented for general structural design in Norway. Test data
from one producer is available for the specification of the distribution parameters. Explain, why
the data is not representative.

1.2.2. Describing data

In the following numerical summaries will first be introduced. These can be considered to be nu-
merical characteristics of the observed data containing important information about the data and
the nature of uncertainty associated with these. These are also referred to as sample character-
istics. Thereafter graphical representations are introduced as means of visual characterisation
and as a useful tool for data analysis. Descriptive statistics play an important role in engineering
risk analysis as this forms a standardized basis for assessing and documenting data obtained for
the purpose of understanding and representing uncertainties in risk assessment.

Numerical Summaries
One of the most useful numerical summaries is the sample mean. If the data set is collected in

the vector X = (&1, 2o, .., ¥,)T the sample mean Z is simply given as:

1 n
T = — T; 8.32
z n;x (8.32)

The sample mean may be interpreted as a central value of the data set. If, on the basis of
the data set, one should give only one value characterising the data, one would normally use
the sample mean. Another central measure is the mode of the data set i.e. the most frequently
occurring value in the data set. When data samples are real values, the mode in general cannot
be assessed numerically, but may be assessed from graphical representations of the data as will
be illustrated below in connection to histograms.

It is often convenient to work with an ordered data set which is readily established by rear-
ranging the original data set X = (1, %9, .., Z,,)" such that the data are arranged in increasing
order as 9 < 79 < .. < 2¢2.. < #°_, < #°. The i*" value of an ordered data set is denoted by

5.0
:EZ"

The median of the data set is defined as the middle value in the ordered list of data if n is

Page 155



Section: Engineering uncertainty quantification TKT4196 - Aspects of Structural Safety

odd. If n is even the median is taken as the average value of the two middle values (see also the
examples below).
Example - Concrete Compressive Strength Data

Consider the data set given in Figure 8.4 corresponding to concrete cube compressive strength
measurements. In the table the data are listed both unordered, e.g. in the order they were ob-
served and ordered according to increasing values.

The sample mean for the data set is readily evaluated using Eq. (8.32) and found to be equal
to 32.67 MPa. All the observed values are different and therefore the mode cannot be determined
without dividing the observations into intervals as will be shown below. However, the median
is readily determined as being equal to 33.05 MPa.

unordered ordered

i X,

1 35.8 24.4
2 39.2 27.6
3 34.6 27.8
4 27.6 27.9
5 37.1 28.5
6 33.3 30.1
7 32.8 30.3
8 34.1 31.7
9 27.9 32.2
10 24.4 32.8
11 27.8 33.3
12 33.5 33.5
13 35.9 34.1
14 39.7 34.6
15 28.5 35.8
16 30.3 35.9
17 31.7 36.8
18 322 37.1
19 36.8 39.2
20 30.1 39.7

Figure 8.4: Concrete Compressive Strength

The variability or the dispersion of the data set around the sample mean is also an important
characteristic of the data set. This dispersion may be characterised by the sample variance s>
given by:

1 n

2 L N\2

= — i — 8.33
s " ;:1 (T; — T) ( )

The sample standard deviation s is defined as the square root of the sample variance. From
Eq. (8.33) it is seen that the sample standard deviation s is assessed in terms of the variability
of the observations around the sample mean value .

Thus, the sample variance is the mean of the squared deviations from the sample mean and
is in this way analogous to the moment of inertia as used in structural engineering.

As a means of comparison of the dispersion of different data sets, the dimensionless sample
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coefficient of variation v is convenient. The sample coefficient of variation v is defined as the
ratio of the sample standard deviation to the sample mean, i.e. given by:

(8.34)

UV =

SIRRS

The sample variance for the concrete cube compressive strengths of Figure 8.4 may be eval-
uated using Eq. (8.33) and is found to be 16.36 MPa%. The sample standard deviation is thus
4.04 MPa. For the considered concrete cube compressive strength data the sample coefficient of
variation is equal to 0.12.

Whereas the sample mean, mode and median are central measures of a data set and the sample
variance is a measure of the dispersion around the sample mean it is sometimes also useful to
have some characteristic indicating the degree of symmetry of the data set. To this end, we
introduce the sample coeflicient of skewness, which is a simple logical extension of the sample
variance. The sample coefficient of skewness 7) is defined as:

n
(#; —)°
=1

n= (8.35)

S|

g3

This coeflicient is positive if the mode of the data set is less than its mean value (skewed to
the right) and negative if the mode is larger than the mean value (skewed to the left). For the
concrete cube compressive strengths (Figure 8.4) the sample coefficient of skewness is - 0.12.

In a similar way the sample coeflicient of kurtosis « is defined as:

> (& —x)

= (8.36)

s

n
L=
K= —

n

which is a measure of how closely the data are distributed around the mode (peakedness).
Typically one would compare the sample coefficient of kurtosis to that of a normal distribution
(introduced in Module D), which is equal to 3.0. The kurtosis for the concrete cube compressive
strength (Figure 8.4) is evaluated as equal to 2.23, i.e. the considered data set is less peaked than
the normal distribution.

Sample Moments and Sample Central Moments

In Egs. (8.33), (8.35) and (8.36) the sample central moments are used. These are denoted as
“central” as they are always taken relative to the mean. The equations show that the sample mean
7 is subtracted from the particular observations Z;. In general the central sample moments can
be defined as:

I,
zj:EZ(ggi—x)J (8.37)
=1

In Egs. (8.35) and (8.36) the 3"¢ and 4" central sample moment are divided by the quadratic
standard deviation to assess the skewness and the kurtosis. The “simple” (non-central) sample
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moments do not use the sample mean in their definition. Hence, the general definition is:

RN
m; = ; 7] (8.38)
Graphical Representations

Graphical representations provide a convenient and strong basis for assessing data and to com-
municate these to other persons. There exist a relatively large number of different possible graph-
ical representations of data, of which some are better suited than others depending on the purpose

of the representations. Some are better for representing the characteristics of data sets contain-
ing observations of one characteristic, like e.g. the concrete compressing strength and others
are better for representing the characteristics of two or more data sets (e.g. the simultaneously
observed material properties). In the following, the most frequently applied graphical represen-
tations are introduced and discussed with the help of examples.

One-Dimensional Scatter Diagrams
The simplest graphical representation is the scatter diagram which provides a means to represent
observations contained in one or more data sets. The scatter diagram may be constructed by
plotting the observed values of the data set along an axis labeled according to the scale of the
observations. In a one-dimensional scatter diagram the minimum and maximum values of the
data set can be readily observed. Furthermore, as long as the number of data points is not very
large, the central value of the observed data may be observed directly from the plot. In the case
where a data set contains a large number of data, some of these may be overlapping and this
makes it difficult to distinguish the individual observations. In such cases it may be beneficial
to apply another graphical representation such as histograms, as described subsequently.
Consider again the concrete strength data from Figure 8.4. A one-dimensional scatter dia-
gram can be produced by plotting the data along one axis. In Figure 8.5 the resulting scatter
diagram is shown. It can be seen from Figure 8.5 that the lowest value of the data lies close to
24 MPa while the highest lies close to 40 MPa. Moreover, a high concentration of observations
is observed in the range 32 to 34, indicating that the mode of this data is in that range.

24 26 28 30 32 34 36 38 40

Concrete cube compression strength [ MPa]

Figure 8.5: Scatter plot of the Concrete Compressive Strength

Histograms

A frequently applied graphical representation of data sets is the histogram. Consider again, as
an example, the concrete strength data from Figure 8.4. The data are further processed and
the observed strength values are subdivided into intervals. For each interval the number of
observations within each interval is counted. Thereafter, the frequencies of the measurements
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within each interval are evaluated as the number of observations within one interval divided by
the total number of observations. Figure 8.6 show the graphical representation of the processed
data of Figure 8.4. Both, the absolute and the relative amount of observations per interval is
indicated.

2! )
N
8 7 g
Sef 530 |y
T § 25
S 4 - g R - 520y
B3 L R - B 15 e R -
St
B2 5 10 {-------
E 1 Z 5
Z 0 5 0
23-26 2629 29-32 32-35 35-38 38-41 S 23-26 2629 29-32 32-35 35-38 38-41
(o]
-
S

Concrete cube compressive strength [ MPa] Concrete cube compressive strength [MPa]

Figure 8.6: Histogram of the Concrete Compressive Strength, absolute (left) and relative(right)
associations to the intervals.

It has to be noted that a histogram may reduce the information provided by the data examined.
The interval width plays an important role for the resolution of the representation of the obser-
vations. It is suggested to subdivide the interval between the maximum and minimum value into
k intervals where k is given by:

=1+ 3.3logy, (n) (8.39)

where n is the number of data points in the data set.

Quantile Plots
Quantile plots are graphical representations containing information about the cumulative fre-
quency of the data with fractiles. A fractile is related to a given percentage, e.g. the 0.65 quantile
of a given data set of observations is the observation for which 65% of all observations in the
data set have smaller values. The 0.75 fractile is also called the upper quantile while the 0.25
fractile is called the lower quantile. The median is thus equal to 0.5 fractile.

In order to construct a quantile plot the observations in the data set are arranged in ascending
order 77 and associated to ¢; which is given by:

i
T n+41

Consider again the concrete strength data from Figure 8.4. The corresponding quantile plot

qi (8.40)

is shown in Figure 8.7.

1.3. Model building and parameter estimation

The information contained in the data has to be represented with random variables in order to
be utilized in risk or reliability analysis. Typically the initial choice of the model i.e. underlying
assumptions regarding distributions and parameters may be based mainly on subjective informa-
tion whereas the assessment of the parameters of the distribution function and the verification

Page 159



Section: Engineering uncertainty quantification TKT4196 - Aspects of Structural Safety

2

40 .

38

36 C

34 .

32 C—

30

28 Py L] hd

26

concrete cube compressive strength [MPa]
[}

24 T T T T T T T T T 1
0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0

index of quantile

Figure 8.7: Quantile plot of the Concrete Compressive Strength.

of the models is performed on the basis of the available data. As the probabilistic models are
based on both frequentistic information and subjective information these are Bayesian in nature.

In the following, only the probabilistic modelling of random variables will be considered,
but the described approach applies with some extensions also to the probabilistic modelling of
random processes and random fields.

Note that a quantile plot with swapped axes is called cumulative frequency plot and much
more commonly used in engineering. The good thing about the cumulative frequency plot is that
the shape that is created by the data entries can directly compared with the shape of a cumulative
probability distribution function that is intended to be used for the representation of the data, see
also Figure 8.1 as an example for a cumulative frequency plot.

1.3.1. Probability Paper

Probability paper is a useful tool for the selection of the distribution family that represents the
data and the underlying phenomenon with sufficient accuracy.

Probability paper for a given distribution family is constructed such that the cumulative prob-
ability distribution function (or the complement) for that distribution family will have the shape
of a straight line when plotted on the paper. A probability paper is thus constructed by a non-
linear transformation of the cumulative distribution function (y-axis in the CDF diagram).

For a Normal distributed random variable the cumulative distribution function is given as:

Fy (z)=® (x - “X) (8.41)

0x

where p1x and ox are the mean value and the standard deviation of the Normal distributed
random variable and where ®(-) is the standard Normal probability distribution function. Eq.

(8.41) can be re-written as:
v =0 Y (Fx(x))ox + ux (8.42)
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Now by plotting x against ®~!(Fx(z)), see also Figure 8.8, it is seen that a straight line is
obtained with the slope depending on the standard deviation of the random variable X and the
intercept on with the y-axis depending on the mean value of the random variable. Such a plot is
sometimes called a quantile plot.

Fe(x) o (Fy ()

4
0.999 3.0
0.98 - 2.0
0.84 - 1.0
0.5 T 0.0
0.16 T -2.0
002 T -1.0
0.001 + -3.0
> X

Figure 8.8: Illustration of the non-linear scaling of the y-axis for a Normal distributed random
variable.

Also in Figure 8.8 the scale of the non-linear y-axis is given corresponding to the linear
mapping of the observed cumulative probability densities. In probability papers typically only
this non-linear scale is given.

Probability papers may also be constructed graphically. In Figure 8.9 the graphical construc-
tion of a Normal probability paper is illustrated.

Various types of probability paper are readily available for use. Given an ordered set of
observed values X{ = (27, 27, .., ¢, )T of a random variable the cumulative distribution function
may be evaluated as: ‘

l
T N+1

In Figure 8.10 an example is given for the set of observed concrete cube compressive strength
values together with the cumulative distribution function values as calculated using Eq. (8.43).
In Figure 8.11 the cumulative distribution values are plotted on a Normal distribution probability
paper.

A first estimate of the distribution parameters may be readily determined from the slope and

(8.43)

the position of the best straight line through the plotted cumulative distribution values. In the
next section the problem of parameter estimation is considered in more detail.

From Figure 8.11 it is seen that the observed cumulative distribution function fits relatively
well with a straight line. This might also be expected considering that the observed values of the
concrete compressive strength are not really representative for the lower tail of the distribution,
where due to the non-negativity of the compressive strength it might be assumed that a Log-
normal distribution would be more suitable.

The estimation of the probabilities of values which are outside the measured range can be
done by extrapolation (see Figure 8.11). The probability paper may also be used for extreme
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-————q--

3 2 -

Figure 8.9: Illustration of the graphical construction of a Normal distribution probability paper.

phenomena such as the maximum water level, to estimate the values of the water level with
a certain return period (see e.g. J.Schneider 2006). However, as always when extrapolating,
extreme care must be exercised.

1.3.2. Parameter estimation with the Method of Moments

Using the method of moments, the parameters of the distribution can be estimated by equating
the moments obtained from the sample and the moments obtained from the distribution.

Assuming that the considered random variable X may be modelled by the probability den-
sity function fy (2;®), where ® = (1, 6,,..,0;)" are the distribution parameters, the first &
moments ~ = (A, Ay, .., )\k)T of the random variable X may be written as:

Ai(0) = /xjfx(x|9)dx
— A, (61,0,..6,) (8.44)

If the random sample, from which the distribution parameters © = (6,0, .., Gk)T are to be
estimated, is collected in the vector X = (%, 22, .., i:n)T the corresponding £ sample moments
may be calculated as:

1 .
mj =~ > (8.45)
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J X/ Fe(®) @ (Fe(&)
1 24.4 0.048 - 1.668
2 27.6 0.095 - 1.309
3 27.8 0.143 - 1.068
4 27.9 0.190 -0.876
5 28.5 0.238 -0.712
6 30.1 0.286 - 0.566
7 30.3 0.333 - 0.431
8 31.7 0.381 - 0.303
9 322 0.429 -0.180
10 32.8 0.476 - 0.060
11 333 0.524 0.060
12 335 0.571 0.180
13 34.1 0.619 0.303
14 34.6 0.667 0.431
15 35.8 0.714 0.566
16 359 0.762 0.712
17 36.8 0.810 0.876
18 37.1 0.857 1.068
19 39.2 0.905 1.309
20 39.7 0.952 1.668

Figure 8.10: Ordered set of observed concrete cube compressive strengths and the calculated
cumulative distribution values.
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24

Figure 8.11: Concrete cube compressive strength data plotted in a probability paper for Normal
distribution.

By equating the £ sample moments to the £ moments of the random variable X a set of £
equations with the & unknown distribution parameters is obtained, the solution of which gives
the point estimates of the distribution parameters.

Page 163



Section: Engineering uncertainty quantification TKT4196 - Aspects of Structural Safety

1.3.3. The Maximum Likelihood Method

The principle of the Maximum Likelihood Method (MLM) is to find a set of parameters of an
assumed probability distribution function, which most likely reflects the statistical behaviour of
the underlying set of data (sample). The format of the method can be derived by means of the
following considerations. Supposing that the parameters 8 = (61, ..., Hn)Tof the distribution of
X are known, the joint probability distribution of a (random) sample X, X5, X3, ..., X,, can be

written as:
fx (xX]0) = fx, X, x, (T1,22,...,2,|0) =

P (@0) f () < f, (wa) = [ [ i 16) (8.46)
=1

In other words, Eq. (8.46) can be seen as a relative measure for the belief that the sample
X1, Xo, ..., X, belongs to the distribution function with given parameters 8 = (6, ..., Qn)T. In
general, the situation is obviously contrary. A sample X = I, 2o, T3, ..., T, is observed and the
set of distribution parameters is not known. In that context, Eq. (8.31) can be similarly seen
as a relative measure for the likelihood that the distribution determined by @ is reflecting the
statistical behaviour of the sample x. Over the entire domain of all possible parameters 6, the
likelihood L (.) that the parameters belong to the sample is:

n

L(0]d1, @2, ..., 20) = [ [ fx (3:10) (8.47)

=1

The maximum likelihood estimators can now be defined as the set of parameters 6 which are
most likely representing the set of sample values, i.e. the set of parameters which maximize the
likelihood function L (.) over the entire domain of 6.

6 = argmax{L (0 |&1, 22, ..., &n)} (8.48)
0

To illustrate the nature of the likelihood function, a set of sample values X is considered.
The exponential distribution is chosen as a proper distribution function for the sample. The
probability density function for the exponential distribution is:

f(z|X) = Xexp (—Ax) (8.49)

By given realizations of X, i.e. X = &1, 29, ..., T, the joint probability density is defined as in
Eq. (8.50), which is equivalent to the likelihood function given . For illustration, the likelihood
function of the exponential distribution for a given sample is sketched in Figure 8.12.

fx (X[A) = fo (2 |A) = Aexp (=AZ1) Aexp (—Ada) - - Aexp (—AZy)
=1 . (8.50)
= Xrexp [ =AY @i | = L(A[%)
=1
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A L(ﬁ. |x)

arbitrary scale

T T T T T | > A
0.5 1.0 1.5 2.0 2.5 3.0

Figure 8.12: Likelihood function on .

According to Figure 8.12, the likelihood function is attaining its maximum at A = 1.58, i.e.
the parameter which is most likely representing the considered sample. As an intuitive inter-
pretation, the likelihood function might also be helpful to asses the likelihood of every possible
parameter. In Figure 8.12 for example, 1.5 might be a more likely estimate for A than 2.5. In
general, it might be advantageous to consider the logarithm of the likelihood function:

In[L(8%)) = 1(6%) = In [H fx G \9)] =Y mlfc@lo) @Sy

Then, the maximum may be obtained by solving a set of m equations:

9, [fx (#:16)]=0 j=1,2...m (8.52)
£ 00

However, the solution of the system might not always be possible in a closed form. For
complex problems, computer-automated search functions like e.g. the simplex method (Nelder
and Meat (1965)), can be employed to find the values @ which maximize the likelihood function.

As for the method of moments, the estimators are, before the experiment, random variables
and can be studied as such. Their properties are well known and intensively studied in the
literature (Lindley (1965)). For large samples (n > 15) the estimators 0 are approximately
normal distributed (due the summation form in Eq. (8.51)). Their means are asymptotically equal
to the true parameter values €; which means that the estimators are asymptotically unbiased. The
covariance matrix C for the parameters @ = (0;, 0, ..., 0,,)" may be obtained through the inverse

of the Fischer matrix H:
Coo =H! (8.53)

with components given by:
0?1
H;,; = — 8.54
1T 90,0054 (859
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E.g. the variance of 6, is asymptotically equal to:

1
B 021
b [a—es]

Var [6] - (8.55)

Contrary to the method of moments, the estimations of the distribution variables are studied
in regard to their uncertainty and not the sample moments. The main properties of the maximum
likelihood estimates are:

1. For large data samples n, the distribution parameters 8 are Normal distributed.

2. The maximum likelihood estimates are consistent: For large data samples n, the estimates
converge to the true value of the parameters of the distribution.

3. The maximum likelihood estimates are unbiased: For all sample sizes, the parameter of
interest is calculated correctly.

4. The maximum likelihood estimates are efficient: The estimate has the smallest variance.

5. The maximum likelihood estimate is sufficient: All the information of the observations is
utilized.

6. The solution of the MLLM is unique.

7. The probability distribution for the problem at hand has to be known.

1.3.4. Predictive distribution

The parameters of distribution functions can be estimated as normal distributed random variables
with the maximum likelihood method. Utilizing the total probability theorem, the unconditional
or predictive distribution of the variable X can be formulated as:

fx (@) = / fx (216) fo (6)d6 (8.56)

2. Application examples

ES8.1.

E8.1.1. Data set

Records from the Norwegian Meteorological Institute (MET Norway) of the yearly highest 10
minutes mean wind speed U are utilized. Data from Torsvag Fyr station are analyzed (WMO
station number 01033). Analyze the data and estimate the parameters of the distribution that
represents the data the best by following three different methods: probability plots, the method
of moments (MoM) and the maximum likelihood method (MLM).
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Table 8.2: Wind speed data (units: meter per second).

~ A ~ ~

Year | u Year | u Year | u Year | u Year | u Year | u
1957 | 26.06 | 1967 | 22.35 | 1977 | 25.59 | 1987 | 26.93 | 1997 | 34.74 | 2007 | 24.87
1958 | 29.43 | 1968 | 29.68 | 1978 | 28.61 | 1988 | 25.55 | 1998 | 27.81 | 2008 | 25.18
1959 | 33.01 | 1969 | 22.12 | 1979 | 23.94 | 1989 | 34.16 | 1999 | 21.98 | 2009 | 29.48
1960 | 24.01 | 1970 | 25.46 | 1980 | 24.80 | 1990 | 34.80 | 2000 | 29.19 | 2010 | 26.55
1961 | 23.42 | 1971 | 27.12 | 1981 | 29.87 | 1991 | 39.18 | 2001 | 26.49 | 2011 | 26.64
1962 | 24.20 | 1972 | 28.92 | 1982 | 27.74 | 1992 | 24.96 | 2002 | 24.06 | 2012 | 25.50
1963 | 27.73 | 1973 | 27.33 | 1983 | 25.92 | 1993 | 35.84 | 2003 | 27.00 | 2013 | 25.37
1964 | 23.80 | 1974 | 30.90 | 1984 | 27.78 | 1994 | 22.86 | 2004 | 23.15 | 2014 | 26.21
1965 | 26.42 | 1975 | 25.12 | 1985 | 26.80 | 1995 | 26.81 | 2005 | 27.06
1966 | 24.00 | 1976 | 28.38 | 1986 | 24.01 | 1996 | 35.18 | 2006 | 23.25

, Torsvig Fyr

’ Trondheim - Voll

Sverige
Sweden

Norge Suomi
Norway Finland

’ Bergen - Flonda
’ Oslo'Blndern

Figure 8.13: Weather station location.

Data reduction — Graphical display

Histograms With n values, the number of intervals k£ between the minimum and maximum
value observed should be about £ = 1 + 3.31og;,(n) (Benjamin et al. 1970). For n = 58 —
k =1+ 3.3log;,(58) = 6.8. Histograms with 6 and 7 bins are produced.

Cumulative frequency distribution

The wind speed data are sorted from the smallest to the largest iy < 1y < ... < 4; < Usg
(i =1,2,...,58) and plotted against i/(n + 1).
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Figure 8.14: Histograms of the wind data.
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Figure 8.15: Cumulative frequency plot.

Numerical summaries

Sample mean (first moment)
The single most helpful number associated with a set of data is its average values, or arithmetic
mean. The sample mean is:

1 n
m = EZU = 27.16 m/s (8.57)
=1

Sample variance (second central moment)
A measure of dispersion is the sample variance; it is analogous to the moment of inertia in the

Page 168



Chapter 8. Engineering uncertainty quantification

sense that it deals with squares of distances from a centre of gravity, which in this case is the
sample mean. The sample variance is defined here to be:

1 n
& = EZ (@ — m)? = 13.56 m2/s? (8.58)
=1

The sample standard deviation is then:
s=+/s=3.68m/s (8.59)

And the sample coefficient of variation:

S 3.68
= —— — = 1 .
v m  27.16 0136 (8.60)
Sample coeflicient of skewness (third central moment)

Another numerical summary of observed data is simply a logical extension of the reasoning

leading to the formula for the sample variance. The sample coefficient of skewness is related to
the third moment about the mean and measures the asymmetry of the data.

LS
- =1

g3

k =1.22 (8.61)

The coefficient is positive for histograms skewed to the right (i.e. longer right tails) and
negative for those skewed to the left.

Parameter estimates

Three different methods are used for estimating the parameters of the distribution represent-
ing the data: Probability plots, the method of moments (MoM) and the maximum likelihood
method (MLM).

ES8.1.2. Probability plots

The idea behind the probability plots is to transform the expression of the probability distribution
so that it holds a linear relation with the data. First, this transformation is going to be elaborated
for four distributions: Normal, Log-Normal, Gumbel and Weibull. After this, the linear relations
are going to be used to fit the wind data and conclude which distribution provides the best fit.

Normal Distribution:
The normal cumulative density function (CDF) is:

Fx(z|ux.ox) = ® (x - “X> (8.62)

0x
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The equation can be rewritten as a linear relation between ®~!(Fx(x)) and x:

O (Fy (z|px.0x)) = —x — — (8.63)
ox ox
Therefore, for normal variates the plot [&;, ®~!(i/(n + 1))] is linear with intercept —ux /o x
and slope 1/0x.

Log-Normal Distribution:
The variate X is lognormal distributed if Y = In(X) is normal distributed. The lognormal CDF
is:

1 - Min
Fo(zlpx.ox) = ® <M) (8.64)
Oin(X)
where the mean and standard deviation of the random variable Y are:
1 n
1 (Fy (z|px.ox)) = In(z) — Hn) (8.65)
Oln(X) Oln(X)

Therefore, for lognormal variates the plot [In(z;), ®~*(i/(n+1))] is linear with slope 1/, x)
and intercept — L, (x)/ Tin(x)-

Gumbel distribution:
The Gumbel CDF is:

F,(z]a.b) = exp (— exp <_:r ; a)) (8.66)

The distribution mean and standard deviation are:
T

ox = —=
Y Ve

where v ~ 0.577 is the Euler’s constant.
The equation can be rewritten as a linear relation between — In(— In(Fx(x|a,b))) and z:

b; ux =a+by (8.67)

1
— In(~In((Fx(x]a,b)) = 52— % (8.68)
Therefore, for Gumbel distributed variates the plot [Z;, — In(— In(i/(n + 1)))] is linear with

intercept —a /b and slope 1/b.

Weibull distribution:
The Weibull CDF is:

F.(z]a.b) =1 —exp (— <%>a) (8.69)

The equation can be rewritten as a linear relation between In(— In(1— Fx (x|a, b))) and In(z):
In(—In((1 — Fx(z|a,b)) = aln(z) — aln(b) (8.70)

Therefore, for Weibull distributed variates the plot [In(z;), In(—In(1 —¢/(n + 1)))] is linear
with intercept —a In(b) and slope a.
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Probability plots with data

Normal probability plot LogNormal probability plot
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Figure 8.16: Data in probability plot.

The data is plotted in the form of probability plots in Figure 8.16. It can be observed that the
“most linear” plot is given by the Gumbel distribution. This means that data are best represented
by a Gumbel distribution. This was already expected since it can be proved analytically that the
maxima of n independent identically distributed realizations tend to a Gumbel distribution for
n growing.

The slope and intercept of the straight line, fitted with the least square method, are respec-
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tively 0.3138 and -7.9709. It follows that the Gumbel parameters are b = 3.19 m/s; a =
25.40 m/s. The distribution mean and standard deviation result in:

J—l
Y

The distributions are plotted in Figure 8.17.

3.187=4.09m/s; pux = 25.40 + 3.187y = 27.24 m/s
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Figure 8.17: Distributions pdf and cdf fitted on probability plot.

E8.1.3. Method of Moments

The parameters of the distribution can be estimated by equating the sample moments (m, s, k, ...)
to the distribution moments (i x,ox, kx,...). The number of conditions shall be equal to the

number of parameters.
For a distribution with one parameter (e.g. exponential) only one condition is necessary:

For a two parameter distribution two conditions are necessary:

{ =R (8.72)

S =0x

For a three parameter distribution (e.g. 3 parameter Log-Normal) three conditions are nec-

essary, e.g. Eq. (8.73).

m = Uux
s=o0yx (8.73)
k=kx

Solutions for some distributions

The distribution parameters are calculated below. The PDF and CDF of the distributions evalu-
ated with the estimated parameters are plotted in Figure 8.18.
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Figure 8.18: Fitted distributions with the method of moments.

Normal Distribution:

;

11’L
:—E u; = 27.16 m/s =
m - U S = ux

—_ (8.74)
1
5= | 12(01 —m)?=37lm/s =o0x
L i=1
Log-Normal Distribution:
4 1 n 02 N
m = EZ@, = 27.16 m/s = Ux = €Xp (,uln(X) + %)
= (8.75)
1 .
5= 4| 12(% —m)2=37lm/s=o0x = ,uX\/eXp(alQn(X)) -1
L i=1
yielding:
5\ 2 UZQn(X)
Tin(x) = {[In (1 + <E> ) =0.14; fun(x) = In(m) — — = = ~3.60 (8.76)
Gumbel Distribution:
m = 12@, =27.16m/s = ux = a+ by
n
— (8.77)

n

1
n—1

i=1

D (@ —m)? =37 mis = oy =

—=b

NE
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yielding:
6
b= Y% _900: amm—by= 2540 (8.78)
T

Weibull Distribution:

I~ 1
m = EZui = 27.16 m/s = jy = bT" (1 + 5)
i=1

nili(m—my =371 m/s = oy zb\/r (1+§> - (F <1+2))2

i=1

;

S =

\

The parameters a and b can be obtained with numerical solver.

b=287m/s; a=8.73

E8.1.4. Maximum Likelihood Method

The random variable of interest has a PDF fy (|6), where @ = (61,05, ...,0;)" is the arrow of
distribution parameters to be estimated. The random sample used to estimate the parameters is
collected in the vector X = (Z1, &3, ..., Z,). The likelihood of the observed random sample is
defined as:

L(O%) = [ [ fx(:6) (8.80)
=1

The maximum likelihood point estimates of the parameters is the vector 8* = (05,63, ..., 0;)",
which maximizes the likelihood function, i.e.:

min{~L (0/%)} (8.81)

It is often advantageous to consider the log-likelihood, which is defined as:
1(6]%) = In [H fx@iw)] G (8.82)
i=1 i=1

The maximum likelihood point estimate of the parameters is the vector 8* = (65,63, ...,05)"
which maximizes the log-likelihood function:

min{~I (60]%)} (8.83)

For sufficiently large n, the parameter distribution, i.e. the distribution representing their
uncertainties, converges toward a Normal distribution with mean py = 0* = (65,05, ...,0;)"
and covariance matrix Cg9 = H!. H is the Fisher information matrix, whose elements are the
second order partial derivatives of the log-likelihood function evaluated at 6*:

0?1(0)x)

- e 3.84
17 TT00:00; |, (8.89)
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ML estimates for a Gumbel distribution:
The Gumbel CDF is shown in Eq. (8.66). The PDF is reported below:

F,(z|a,b) = exp (— exp (—I ; a)) (8.85)

fu(x]a.b) = %exp <_x;a — exp (x;a)) (8.86)

The vector of parameters 8* has two elements: the location parameter a € (—o0; +00), and
the scale parameter b € (0; +00). The log-likelihood function is:

1(O1%9) = W[[TL, fx(@:]0)] = > In[fx(i:10)] =

= - In 1eX —ji_a—ex Ti—a
- Z p P b PA™y
=1

The parameter vector 8* maximizing [(0|X) is found numerically. In some cases, as for

(8.87)

normal distribution, analytical solutions are obtained by setting the first derivatives of /(0|X)
equal to zero.
The fisher information matrix is then:

CRUOTR) U6IR)

20, 90,00,
H = (8.88)
CPUOR) PUOIR)
96,00, 20, | pp-

Application of the method to the wind data

The application of the MLM to the data results in 8* = 1y = (25.55,2.65)". The value of the
log-likelihood function at maximum is equal to [(0*|x) = —149.78, cf. Figure 8.19.

The fminsearch Matlab® function has been used with starting values aq = 20 and by = 3.
The distributions CDF and PDF are illustrated in Figure 8.20.

Integration of the parameter uncertainty

The distribution of the parameter estimates converges towards a bivariate Normal distribution
with mean 0* = py = (25.55,2.65)T and covariance matrix obtained by inverting the Fisher
information matrix:

(8.89)

0.1333 0.0309
con 113 202

0.0309 0.0786

The parameter joint density function f4 p(a, b) is illustrated in Figure 8.21 together with the
marginal distributions.

The parameter uncertainties can be integrated in the conditional distribution Fyj4 g(u|a, b)
for obtaining an unconditional distribution F;(u) which includes the uncertainties on A and B.
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Figure 8.19: PDF and log-likelihood function for first guessed values of a and b (left) and for
parameters maximizing the likelihood function (right).
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Figure 8.20: CDF and PDF of the Gumbel distribution with estimated parameters.

Figure 8.21: Joint PDF for the parameters A and B.
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The integration reads:

fo(u) = / / fuia,s(ula,b) fap(a,b)dadb (8.90)
Or for the CDF:
ﬂmo:/ / Fuap(ula, b) fa.5(a, b)dadb (8.91)

The integration is performed numerically; faster calculations are obtained by changing the
integration limits to +¢ - o, with ¢ equal to, for example, 4 or 5.

mattoa pppttop
ﬂmo:/ / Fyap(ula, ) fa.5(a, b)dadb (8.92)
I I

A—toa B—top

The conditional and unconditional (or predictive) distributions are illustrated in Figure 8.23.

1 ‘ ‘ 0.14 —x ‘ ‘
— fu(u|8") = fu(ulpa, i)
0.12+ — fu(u 1
0.8 v(u)
T 7> 0.1
-Qﬁ ..Q.\
s 0.6 s 0.08
S S
9 = 0.06
304 2
& £ & 0.04
0.2 i + Data i
i — Fy(ul0*) = Fy(ulpa, ) 0.02}
# Fy(u)
O Lo | L O .
0 20 40 60 80 0 20 40 60 80
U [m/sec] U [m/sec]

Figure 8.22: Predictive CDF and PDF. The numerical integration is performed over +3 - 0.

The parameter uncertainty is quite low due to the large amount of data in this example, as a
consequence the predictive distribution looks similar to the conditional one. Nevertheless, the
differences in the tail are very important for structural reliability problems, since the probability
of failure is very sensible to the tails of the random variables.

If we imagine to have only the first 7 years of records, i.e. a sample of 7 values, the conditional
and predictive CDFs will differ more since there is higher uncertainties on the parameters, see
Figure 8.23.
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Figure 8.23: Conditional and predictive CDFs for a sample of 7 data.
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